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ABSTRACT 
Systems of autonomous non l inea r  d i f f e r e n t i a l  equat ions  
desc r ib ing  t h e  s t a b i l i t y  of a  nuc lea r  r e a c t o r  wi th  two r e a c t i v i t y  feed-  
backs have been analyzed t o  determine s t a b i l i t y  bounds. The system 
parameters  used a r e  r e p r e s e n t a t i v e  of a  f a s t  r e a c t o r  wi th  in-core 
thermionic conve r t e r s .  A proper ty  common t o  a l l  f a s t  r e a c t o r s  i s  t h e  
p o s s i b i l i t y  of one p o s i t i v e  temperature c o e f f i c i e n t  which complicates  
c o n t r o l  problems. This  s tudy  may have a p p l i c a t i o n  i n  t h e  s o l u t i o n  of 
such problems. O s c i l l a t i o n  boundaries  of t h e  l i n e a r i z e d  system are 
e s t a b l i s h e d  a s  an  a i d  t o  t h e  c o n t r o l s  des igner  and t o  provide prelim- 
ina ry  informat ion  i n  non l inea r  s t a b i l i t y  a n a l y s i s .  
Bounded r eg ions  a r e  determined f o r  t h e  e f f e c t i v e  l i f e t i n i e  
model and coupled temperature equat ions  by means of conputer  surveys 
of e x a c t  s o l u t i o n s .  The n a t u r e  of t h e  bounded t r a j e c t o r i e s  i n d i c a t e s  
t h e  e x i s t e n c e  of l i m i t i n g  p lanes  i n  s t a t e  space.  A mathematical 
d e s c r i p t i o n  of t h e s e  p lanes  y i e l d s  r e s u l t s  i n  c l o s e  agreement w i t h  
numerical c a l c u l a t i o n s .  A l l  t r a j e c t o r i e s  o u t s i d e  t h e  bounded r eg ions  
e x h i b i t  f i n i t e  escape time. S t a b l e  domains i n  s t a t e  space cannot be  
determined by observing t h e  e f f e c t s  of power p e r t u r b a t i o n s  al-one. A l l  
t h r e e  v a r i a b l e s ,  power, and t h e  two tempera tures ,  must be v a r i e d ,  
Concentr ic  l i m i t  c y c l e s  have n o t  been found f o r  t h e  e f f e c t i v e  l i f e t i m e  
model. 
Bounded r eg ions  a r e  determined f o r  t h e  prompt jump model and 
e s s e n t i a l l y  t h e  same r e s u l t s  and conclus ions  a r e  obta ined  a s  f o r  t h e  
i x  
X 
e f f e c t i v e  l i f e t i m e  model. The l i m i t i n g  p l a n e s  and c o n c e n t r i c  l i n l i t  
c y c l e s  are n o t  c o n s i d e r e d  i n  t h i s  c a s e .  
An a n a l y t i c a l  ( p e r t u r b a t i o n  expans ion)  method i s  p r e s e n t e d  and 
a p p l i e d  t o  t h e  e f f e c t i v e  l i f e t i m e  model and coupled t e m p e r a t u r e  
e q u a t i o n s .  I n  t h e  c a s e  of a s t a b l e  l i m i t  c y c l e ,  t h i s  method gives 
r e s u l t s  i n  p r e c i s e  agreement w i t h  t h e  e x a c t  computer s o l u t i o n ,  I n  ihe 
c a s e  of a s t a b l e  f o c u s ,  t h e  method g i v e s  a s u b r e g i o n  o f  t h e  s t a b l e  
r e g i o n ,  b u t  which o v e r l a p s  i n t o  t h e  u n s t a b l e  r e g i o n .  Iiowever,, f o r  
h i g h e r  o r d e r s  of approx imat ion  t h e  o v e r l a p  d e c r e a s e s .  It i s  concluded 
t h a t  t h e  method i s  b e t t e r  s u i t e d  t o  t h e  a n a l y s i s  of sys tems  which are 
n o t  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e  o r  do n o t  have i n f i n i t e  r e g r o n s  of 
bounded s o l u t i o n s .  The f o r m u l a t i o n  of t h e  method as used h e r e  is  not 
t h e  most g e n e r a l ,  a s  i t  f a i l s  f o r  t h e  r e s o n z n t  c a s e  ( c r i t i c a l  power) , 
A more g e n e r a l  f  o r ~ n u l a t i o n  i s  p o s s i b l e  which t r e a t s  t h e  p e r t u r b a t i o n  
as a f u n c t i o n  of phase  a n g l e  as w e l l  as ampl i tude .  
Obvious e x t e n s i o n s  of t h i s  s t u d y  a r e  (1 )  d e r i v e  t h e  more 
g e n e r a l  e q u a t i o n s  f o r  t h e  p e r t u r b a t i o n s  expans ion  method, ( 2 )  a p p l y  t h e  
method t o  t h e  prompt jump model, and (3) a p p l y  t h e  method t o  higher 
o r d e r  sys tems ,  e . g . ,  t h e  one-delay group model. 
INTRODUCTION 
Purpose  
The purpose  of t h i s  s t u d y  i s  t o  examine s t a b i l i t y  bounds of  
s e t s  of autonomous n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  t h a t  d e s c r i b e  rbe 
behavior  of a n u c l e a r  r e a c t o r  w i t h  two r e a c t i v i t y  feedbacks .  The 
n a t u r e  of unbounded s o l u t i o n s  beyond t h e  s t a b l e  r e g i o n  i s  a l s o  examined. 
The t y p e  of r e a c t o r  c o n s i d e r e d  i n  t h i s  s t u d y  is  a f a s t  r e a c t o r  
w i t h  in -core  the rmion ic  c o n v e r t e r s .  The advan tages  of t h i s  r e a c t o r  ill 
space  a p p l i c a t i o n s  would be  n o t  o n l y  t h e  m i g h t  s a v i n g s  i n  shielcl  and 
c o r e  due t o  h i g h  power d e n s i t y  bu t  a l s o  t h e  e l i m i n a t i o n  of t h e  cx tc r ; i a i  
e l e c t r i c a l  c o n v e r s i o n  system. Also of c u r r e n t  i n t e r e s t  i s  t h e  devel-op-- 
ment of f a s t  b r e e d e r  r e a c t o r s  f o r  s t a t i o n a r y  power p l a n t  a p p l i c a t i o n ,  
These a r e  n e c e s s a r y  i f  we a r e  t o  make f u l l  u s e  o f  our  n a t u r a l  r e s o u r c e s  
of n u c l e a r  f u e l s .  
A l l  of  t h e  t e m p e r a t u r e  c o e f f i c i e n t s  of f a s t  r e a c t o r s  lnsy noL be  
n e g a t i v e .  I n  p a r t i c u l a r  t h e  f u e l  Doppler c o e f f i c i e n t  , which i s  pro~npt  ,
may be p o s i t i v e .  T h i s  p r o p e r t y  of f a s t  r e a c t o r s  i n c r e a s e s  t h e  complex- 
i t y  of c o n t r o l  compared t o  the rmal  r e a c t o r s .  However, t h e r e  i s  no 
r e a s o n  t o  b e l i e v e  t h a t  f a s t  r e a c t o r s  cannot  b e  d e s i g n e d  and c o n s t r u c t e d  
t o  o p e r a t e  s a f e l y .  Study of t h e  s t a b i l i t y  behav ior  of such  reacLor  
sys tems w i t h  a  p o s i t i v e  t e m p e r a t u r e  c o e f f i c i e n t  i s  e s s e n t i a l  t o  the 
e v e n t u a l  deve1opi:lent of e f f e c t i v e  c o n t r o l s .  IIence t h e  p r e s e n t  s t u d y  i s  
1 
2 
n o t  on ly  r e l e v a n t  t o  c u r r e n t  e f f o r t s  i n  t h e  d e s i g n  and development of 
f a s t  r e a c t o r s  b u t  may have a p p l i c a t i o n  i n  t h e  n o t  t o o  d i s t a n t  f u t u r e  
when t h e y  become a r e a l i t y .  
Background 
Two n o n l i n e a r  a n a l y s e s  o f  t h e  two-temperature ,  o r  two-path 
r e a c t i v i t y  feedback ,  r e a c t o r  model,  w i t h o u t  de layed  n e u t r o n s ,  a r e  
p r e s e n t e d  by Gyftopoulos  (1961) and Smets (1961).  T h e i r  r e s u l t s  are 
i n  agreement on t h e  n o n l i n e a r l y  a s y m p t o t i c a l l y  s t a b l e  r e g i o n ;  however, 
t h e i r  r e s u l t s  are incomple te  i n  t h e  r e g i o n  of l i n e a r l y  o s c i l l a t o r y  solu- 
t i o n s ,  and i n  t h e  c a s e  of e x i s t e n c e  of p e r i o d i c  s o l u t i o n s ,  t h e l r  r e s u l t s  
d i s a g r e e .  S h o t k i n  (1964) e x t e n d s  and c l a r i f i e s  t h e i r  worl:. Schlnidt 
(1969) c o n s i d e r s  b o t h  t h e  e f f e c t i v e  l i f e t i m e  (no de layed  n e u t r o n s )  a d  
pro:npt jump n e u t r o n  k i n e t i c s  ~ n o d e l s  f o r  t h e  therrnionic  r e a c t o r  
p r e s e n t s  a  method f o r  p r e d i c t i n g  l i m i t  c y c l e s .  One of t h e  impor tan t  
r e s u l t s  of h i s  s t u d y  i s  t h e  p r e d i c t i o n  and d e m o n s t r a t i o n  of u n s t a b l c  
l i m i t  c y c l e s  i n  t h e  prompt jump model. H e  a l s o  d i s c u s s e s  l i n e a r  
s t a b i l i t y  i n  t e rms  of t h e  sys tem t r a n s f e r  f u n c t i o n  and Routh c r i t e r i o n ,  
a s  w e l l  a s  n o n l i n e a r  s t a b i l i t y .  
Summarl 
I n  Chapter  2 of t h i s  s t u d y  t h e  o s c i l l a t i o n  boundar ies  i n  
pa ramete r  s p a c e  a r e  de te rmined  f o r  t h e  l i n e a r i z e d  t h e r m i o n i c  r e a c t o r  
model, u s i n g  t h e  prompt jump e q u a t i o n .  T h i s  complements t h e  l i n e a r  
a n a l y s i s  of Schmidt (1969).  I n  n o n l i n e a r  a n a l y s i s  i t  i s  a f t e n  u s e f u l  
t o  know beforehand whether o r  n o t  a c a s e  t o  be s t u d i e d  e x h i b i t s  
3 
l i n e a r l y  o s c i l l a t o r y  behav ior .  T h i s  i n f o r m a t i o n  i s  a l s o  u s e f u l  t o  the 
c o n t r o l s  des igr ler  . 
S t a b l e  r e g i o n s  of t h e  e f f e c t i v e  l i f e t i m e  model a r e  e x p l o r e d  i n  
Chap te r  3 by making computer s u r v e y s  of e x a c t  s o l u t i o n s .  The n a t u r e  
of bounded t r a j e c t o r i e s  s u g g e s t s  t h e  e x i s t e n c e  of l i m i t i n g  p l a n e s  i n  
s ta te  s p a c e .  A mathemat ica l  model by Icendall  (1971) i s  examinecl and 
found t o  b e  i n  agreement  w i t h  t h e  numer ica l  d a t a .  The n a t u r e  of 
unbounded t r a j e c t o r i e s  o u t s i d e  t h e  s t a b l e  r e g i o n  i s  e x p l o r e d ,  and i t  
i s  found t h a t  t h e y  e x h i b i t  f i n i t e  e s c a p e  t i m e .  The p o s s i b i l i t y  t h a t  
c o n c e n t r i c  l i m i t  c y c l e s  e x i s t  i n  t h e  e f f e c t i v e  l i f e t i m e  model i s  
e x p l o r e d .  The s e a r c h  f o r  such  a  c o n f i g u r a t i o n  was u n s u c c e s s f u l ,  
I n  Chapter  4 s t a b l e  r e g i o n s  o f  t h e  prompt jump model are  
e x p l o r e d .  Unbounded t r a j e c t o r i e s  o u t s i d e  t h e  s t a b l e  r e g i o n  a re  found 
t o  e x h i b i t  f i n i t e  e s c a p e  t ime .  T r a j e c t o r i e s  of a  one d e l a y  group 
model are compared t o  cor responding  ones  of t h e  prompt jump n o d e l  t o  
d e t e r m i n e  t h e i r  b e h a v i o r  a t  prompt c r i t i c a l  and s u p e r  prompt c r i t i c a l ,  
where t h e  prompt jump model i s  no l o n g e r  v a l i d .  
I n  Chapter  5 t h e  p e r t u r b a t i o n  expans ion  method of S h o t k i n  
(1969) i s  p r e s e n t e d  and a p p l i e d  t o  v a r i o u s  problems.  Two c a s e s  a r e  
c o n s i d e r e d  f o r  t h e  two-temperature model u s i n g  e f f e c t i v e  l i f e t i m e  
n e u t r o n  k i n e t i c s .  The r e s u l t i n g  t h i r d - o r d e r  sys tem r e q u i r e s  the 
e l i m i n a t i o n  of a  nondominant c a n o n i c a l  c o o r d i n a t e  i n  t e r m s  of the 
dominant ones .  Second, t h i r d -  and f o u r t h - o r d e r  approx imat ions  a re  
o b t a i n e d  i n  b o t h  c a s e s .  The amount of a l g e b r a  i n c r e a s e s  r a p i d l y  wi th  
h i g h e r  o r d e r ,  which i n  p r a c t i c e  i s  u s u a l l y  l i m i t e d  t o  t h e  third. 
Conclus ions  of t h i s  s t u d y  a r e  p r e s e n t e d  as Chapte r  6, 
OSCILLATION BOUNDARIES I N  PwETER SPACE 
I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  we p r e s e n t  a method f o r  c a l c u l a t i n g  o s c i E l a t i o n  
boundar ies  of a l i n e a r i z e d  r e a c t o r  model and g i v e  t h e  numer ica l  r e s c l t s  
f o r  f o u r  c a s e s .  The knowledge of t h e s e  b o u n d a r i e s  i s  a u s e f u l  supple- 
ment t o  t h e  s t a b i l i t y  i n f o r m a t i o n  f o r  t h e  c o n t r o l  d e s i g n e r  and a l s o  has 
a p p l i c a t i o n  i n  n o n l i n e a r  s t a b i l i t y  a n a l y s i s ,  f o r  much a b o u t  t i le 
b e h a v i o r  of a  n o n l i n e a r  sys tem can  b e  i n f e r r e d  from t h e  s t u d y  o f  t i le 
a s s o c i a t e d  l i n e a r  sys tem ( I Ie t r i ck ,  i n  p r e s s ) .  
I n  t l le  l i n e a r  s t a b i l i t y  s t u d i e s  r e p o r t e d  f o r  t h e  tvo-frtcd'oac < 
the rmion ic  r e a c t o r  model (Grehm e t  a l .  1967, R r e I l m  e t  a l .  1'36P), tile 
s t a b l e  and u n s t a b l e  r e g i o n s  w e r e  p l o t t e d  i n  pa ramete r  s p a c e .  Tile 
s p a c e  c o n s i s t s  of a p l a n e  whose c o o r d i n a t e  a x e s  are t h e  two reactivity 
c o e f f i c i e n t s ,  each m u l t i p l i e d  by t h e  e q u i l i b r i u m  pover  l e v e l .  The 
s t a b i l i t y  boundary of g r e a t e s t  i n t e r e s t  i s  c a l l e d  t h e  r e s o n a n c e  line 
( o t h e r w i s e  known as t h e  c r i t i c a l  l i n e  o r  t h e  dynamic s t a b i l i t y  bounclary) . 
A r a d i a l  l i n e  th rough  t h e  o r i g i n  i n  t h i s  p l a n e  c o r r e s p o n d s  t o  
a f i x e d  r a t i o  of t h e  two r e a c t i v i t y  c o e f f i c i e n t s .  I n c r e a s i n g  the 
e q u i l i b r i u m  power t h e n  cor responds  t o  moving outward a l o n g  one such 
r ad i a l  l i n e .  The i n t e r e s t i n g  c a s e s  a r e  s t a b l e  a t  low power a n d  
u n s t a b l e  a t  h i g h  power, and t h e  v a l u e  of e q u i l i b r i u m  power t h a t  corres- 
ponds t o  c r o s s i n g  t h e  resonance  l i n e  i s  c a l l e d  t h e  c r i t i c a l  power, 
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J u s t  below t h e  resonance  l i n e  t h e r e  a r e  two complex c o n j u g a t e  
c h a r a c t e r i s t i c  r o o t s  w i t h  n e g a t i v e  r e a l  p a r t s  (damped o s c i l l a t i o n s ) ,  
and j u s t  above t h e  r e s o n a n c e  l i n e  t h e  r e a l  p a r t s  a r e  p o s i t i v e  (groiaiiig 
o s c i l l a t i o n s ) ;  the r e s o n a n c e  l i n e  i t s e l f  c o r r e s p o n d s  t o  p u r e  imagrin;~ry 
r o o t s .  
S t a b i l i t y  boundar ies  i n  a paramete r  s p a c e ,  such  a s  sl-to\?n in 
F i g s .  2 ,  3 ,  and 4 by Brelm e t  a l .  (1967) ,  c o n t a i n  much i n f o r m a t i o n  
abou t  t h e  dynamic b e h a v i o r  of a system.  Elowever, e x c e p t  f o r  t h e  above 
o b s e r v a t i o n s  abou t  t h e  neighborhood of t h e  resonance  l i n e ,  t h e s e  
diagrams do n o t  i n d i c a t e  whether  t h e  sys tem r e s p o n s e  is  o s c i l l a t o r y  o r  
n o t .  
T h i s  i n f o r m a t i o n  is  e a s i l y  added t o  t h e  pa ramete r  p l a n e  i n  ti:c 
-ions, form o f  a boundary l i n e  between o s c i l l a t o r y  and n o n - - o s c i l l a t o r y  r e g '  
O s c i l l a t i o n  Boundar ies  and D e p a r t u r e  P o i n t s  
An o s c i l l a t i o n  boundary i s  a  l o c u s  of p o i n t s  i n  t h e  parameter  
p l a n e  where t h e  sys tem c h a r a c t e r i s  t i c  e q u a t i o n  h a s  two e q u a l  r e a l  r o o l s ,  
Near t h i s  boundary,  t h e r e  a r e  two complex r o o t s  w i t h  s m a l l  inlaginary 
p a r t s  on one  s i d e  of t h e  boundary and two n e a r l y  e q u a l  r e a l  r o o t s  on 
t h e  o t h e r  s i d e .  One way t o  l o c a t e  t h e  boundary i s  by t r i a l  and e r r o r ,  
i n t e r p o l a t i n g  anlong numer ica l  r o o t s  as f u n c t i o n s  of t h e  pa ran le te r s ,  
Another p rocedure  i s  t o  seelc a l g e b r a i c  c o n d i t i o n s  f o r  t h e  
e x i s t e n c e  of two e q u a l  r e a l  r o o t s .  T h i s  i s  most e f f i c i e n t l y  done by 
s o l v i n g  f o r  t h e  p o i n t s  a t  which t l le  r o o t  l o c u s  d e p a r t s  from t h e  rea l  
a x i s  ( d e p a r t u r e  p o i n t s ) .  
We w i l l  now c o n s i d e r  t h e  two-region sys tem of E q s .  (19) th rougl l  
(27) and F i g .  1 g i v e n  by Ereixn e t  a l .  (1967) .  These  a r e  reproduced 
h e r e  Eor conven ience  as f o l l o w s :  
G(s)  and I i ( s )  a r e  t h c  forward-loop t r a n s f e r  f u n c t i o n  aL1d t h e  Icedhac i .  
t r a n s f e r  f u n c t i o n  r e s p e c t i v e l y .  The r e l a t i o n s h i p  between t h e s e  LLO 
q u a n t i t i e s  and i n o s e  of Eqs. (2-2) and (2-3) a r e  shown i n  F i g .  2 .L. 
The o?en -1002 t r a n s f e r  f u n c t i o n  i s  g iven  by Eq.  (2-5).  R and 5 may bc 
e i t h e r  p o s i t i v e  o r  n e g a t i v e ,  depending on r h e  s i g n s  and magni tudes  of  
t h e  two r a a c t i v i t y  c o e f f i c i e n t s .  
The c h a r a c t e r i s t i c  po lynomia l ,  Eq. (2--8), i s  a cubic i n  s , 
S t a b i l i t y  may b e  de te rmined  by t h e  Routh-Hurwitz c r i t e r i o n .  Using 
t h e  pa ramete rs  x and y  d e f i n e d  i n  Cqs. (2-12) and (2-13) and Iq. (2-li) , 
t h e  v a n i s h i n g  of each  Kouth number y i e l d s  a  s t a b i l L t y  boundary in t ' i e  
2:,y p l a n e .  
Jam- 
F i g u r e  2 . 1  Block-Diagrams o f  Two-Temperature Feedback.  
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Equa t ions  (2-16) th rough  (2-18) a r e  o b t a i n e d  from Eqs. (2-9) 
th rough  ( 2 - l l ) ,  r e s p e c t i v e l y ,  by u s i n g  Eqs. (2-12) th rough  (2-1.4). 
The symbols a r e  
A = delayed-neutron decay c o n s t a n t  
n1 = r e c i p r o c a l  t i m e  c o n s t a n t  (Region 1 )  
n2 
= coupl ing  c o e f f i c i e n t  
n3 = r e c i p r o c a l  t ime  c o n s t a n t  (Region 2 )  
a = r e a c t i v i t y  c o e f f i c i e n t  (Region 1 )  1 
a = r e a c t i v i t y  c o e f f i c i e n t  (Region 2 )  2 
b  = r e c i p r o c a l  h e a t  c a p a c i t y  (Region 1 )  
B = de layed-neu t ron  f r a c t i o n  
n = e q u i l i b r i u m  power 0 
Heat i s  g e n e r a t e d  o n l y  i n  Region 1 ( t h e  prompt r e g i o n ) .  The sign 
conven t ion  i s  such t h a t  p o s i t i v e  a means n e g a t i v e  r e a c t i v i t y  f e e d b a c k .  
Note t h a t  K,  x ,  and y  are p r o p o r t i o n a l  t o  t h e  e q u i l i b r i u m  power lld a ~ i d  
t h a t  5 = c o n s t a n t  ( f i x e d  z e r o - l o c a t i o n )  cor responds  t o  a f i x e d  r a d i a l  
l i n e  i n  t h e  pa ramete r  p l a n e .  
The d e p a r t u r e  p o i n t s  a r e  t h e  r e a l  s o l u t i o n s  of 
Kuo (1967) g i v e s  a d e r i v a t i o n  and proof  of Eq. (2-19). He r e f e r s  tc) 
d e p a r t u r e  p o i n t s  as breakaway p o i n t s .  Eq. (2-19) y i e l d s  a quartic 
i n  s: 
Por each r e a l  s o l u t i o n  of Eq.  (2-20),  IC is  computed from E q .  (2-5) with 
GH = -1, and t h e  p o i n t  (x ,y)  on  t h e  o s c i l l a t i o n  boundary i s  obtainel! 
from Eqs. (2-12) and (2-14). 
Numerical  R e s u l t s  
Cases  I and I11 (Brehm e t  a l .  1967) were chosen f o r  
i l l u s t r a t i o n ,  a long  w i t h  one v a r i a t i o n  of each ,  denoted as Case I A  o r  
I I I A .  The f i x e d  paramete rs  a r e  
- 1  
A = 0 . 1  s e c  
-1 q2  = 3 . 2 5  sec 
a = p e r  o c  2 
b = 100°C p e r  mw-sec 
G = 
The f o u r  c a s e s  a r e  as f o l l o w s :  
Case n l  (set-' 
I 0 .5  
I A 0 . 3  
I11 0.5 
I I I A  0.15 
The resonance  l i n e  i n  each c a s e  i s  i n  t h e  second q u a d r a n t  of t h e  x,y 
p l a n e ,  cor responding  t o  p rompt -pos i t ive  and de layed-nega t ive  r c a c -  
t i v i t i e s .  The sys tems  t h a t  p o s s e s s  c r i t i c a l  power l e v e l s  a r e  non- 
minimum-phase, n e g a t i v e - g a i n ,  c o n d i t i o n a l l y  s t a b l e  s y s t e m s ,  
Case I, which i s  from Fig .  2  (Brehm e t  a l .  1967), i s  shown i n  
F ig .  2.2.  The s t a b l e  r e g i o n  i s  bounded by t h e  resonance  l i n e  (second 
l a s t  Routh number i s  z e r o )  and t h e  l i n e  5 = 0  ( l a s t  Routh number i s  
z e r o ) .  The r a d i a l  l i n e  l a b e l e d  5 = -0.2 i s  i l l u s t r a t e d  by a r o o t  l o c u s  
f o r  K < 0  i n  F i g .  2.3.  At low g a i n  ( s m a l l  n  ) t h e r e  i s  no o s c i l l a t i o n ,  
0 
A s  t h e  g a i n  i s  r a i s e d ,  t h e  sys tem e n c o u n t e r s  t h e  f i r s t  d e p a r t u r e  p o i n t  
and e n t e r s  t h e  r e g i o n  of damped o s c i l l a t i o n s .  The s t a b i l i t y  boundary 
i s  c r o s s e d  when t h e  r o o t  l o c u s  e n t e r s  t h e  r i g h t  h a l f  p l a n e .  Osc i l l a -  
t i o n s  e v e n t u a l l y  c e a s e ,  b u t  a t  h i g h  g a i n ,  f a r  i n s i d e  t h e  u n s t a b l e  
r e g i o n .  
Below t h e  l i n e  5 = 0 i n  t h e  second q u a d r a n t  of F i g .  2 , 2 ,  tl,e 
sys tem i s  u n s t a b l e ;  t h e  z e r o  i s  i n  t h e  l e f t  h a l f  p l a n e  b u t  t h e  gain i s  
s t i l l  n e g a t i v e .  The o s c i l l a t i o n  boundary r e c e d e s  t o  i n f i n i t y  when 
5 = A ,  because  t h e  r o o t  l o c u s  r e t u r n s  t o  t h e  r e a l  a x i s  a t  t h e  double  
ze ro  on ly  f o r  I K I  -> 
J u s t  below t h e  l i n e  5 = 0 ,  a n  i n t e r e s t i n g  phenomenon a p p e a r s .  
Th i s  is  shown i n  F i g .  2 .4 ,  which i s  a  magni f i ed  view of a p o r t i o n  of 
F ig .  2 .2 .  The o s c i l l a t i o n  boundary h a s  a  s h a r p  p o i n t  e x t e n d i n g  belor+ 
t h e  l i n e  5 = 0. Thus f o r  s m a l l  p o s i t i v e  5 ,  a  sys tem could e x p e r i e n c e  
two d i s t i n c t  o s c i l l a t o r y  regimes a s  n  i s  i n c r e a s e d .  Th is  p o s s i . b i l i t y  
0 
i s  i l l u s t r a t e d  i n  F i g s .  2 .5 ,  2 .6 ,  and 2.7,  which a r e  a  sequence 
Case I 
7 ,  = 0.5 
y3 = 0.2 
F i g u r e  2 . 2  O s c i l l a t i o n  Boundary i n  Parameter  Space f o r  Case I .  
Fi gu re  2 .3  Root  Locus f o r  Case I ( E  = -0.2). 
F i g u r e  2 .4  P a r t i a l .  Boundary i n  Parameter Space f o r  Case  I. 
F i g u r e  2.5 Root Locus f o r  Case I (5 = 0.0125)-  
F i g u r e  2.6 Root Locus f o r  Case I (5 = 0 . 0 0 8 ) .  
F i g u r e  2 . 7  Root Locus f o r  Case I (5 = 0.002). 
of r o o t - l o c u s  p l o t s  f o r  s u c c e s s i v e l y  s m a l l e r  p o s i t i v e  v a l u e s  of  5, 
When 5 i s  s u f f i c i e n t l y  s m a l l ,  t h e  o s c i l l a t i o n  boundary i s  c r o s s e d  f o u r  
t imes  ( f o u r  r e a l  r o o t s  of Eq. (2-20), c o r r e s p o n d i n g  t o  f o u r  d e p a r t u r e  
p o i n t s ) .  Th i s  t y p e  of r o o t  l o c u s  (two c o n c e n t r i c  l o o p s )  was a l s o  noted 
i n  Fig .  7  (Brehm, H e t r i c k ,  Schmidt 1969) .  
The c a s e s  shown i n  F i g s .  2 .5  through 2.7 a r e  u n s t a b l e  f o r  a l l  
n  . To i l l u s t r a t e  t h e  analogous b e h a v i o r  f o r  c o n d i t i o n a l l y  s t a b l e  
0 
sys tems ,  we c o n t r i v e d  Case IA ( s e e  F i g s .  2 .8  and 2 .9 ) .  Here the 
o s c i l l a t i o n  boundary h a s  i t s  s h a r p  p o i n t  i n  t h e  s t a b l e  r e g i o n .  A r o o t  
l o c u s  p l o t  f o r  small n e g a t i v e  5 i s  shown i n  F ig .  2.10. The sys tem 
e n t e r s  t h e  o s c i l l a t o r y  r e g i o n ,  l e a v e s  i t ,  and r e e n t e r s ,  remaining 
s t a b l e  th roughout  t h i s  r ange  of n . 
0 
Case 111, which i s  from F i g .  4 of Erehm e t  a l .  (1367) ,  i s  
shown i n  F i g .  2.11. Here t h e  unusua l  sys tems a r e  i n  t h e  f i r s t  
q u a d r a n t  ( s t a b l e  a t  a l l  power l e v e l s  n  ). The p o i n t s  f o r  5 - rl are 
0 1 
e a s i l y  o b t a i n e d ,  because  t h e  c a n c e l l a t i o n  of a p o l e  and a  z e r o  makes 
t h e  sys tem q u i t e  s i m p l e .  (The o s c i l l a t i o n  boundary i s  n o t  a s y m p t o t i c  
t o  t h e  l i n e  5 = n b u t  i s  t a n g e n t  t o  i t  a t  a  p o i n t  n o t  shown i n  tfie 
1 
f i g u r e ) .  For 5 s l i g h t l y  g r e a t e r  t h a n  n ( a  r a d i a l  l i n e  s l i g h t l y  c l o s e r  
1 
t o  t h e  y - a x i s ) ,  t h e  r o o t  l o c u s  h a s  two l o o p s  a s  shown i n  F i g .  2.12, 
Note t h a t  K > 0  i n  t h i s  c a s e .  
Case IIIA, shown i n  F ig .  2.13, i s  s imilar ,  e x c e p t  t h a t  t h e  
o s c i l l a t i o n  boundary h a s  i t s  s h a r p  p o i n t  below t h e  l i n e  5 = r A 
1 ' 
magni f ied  p o r t i o n  of t h e  pa ramete r  p l a n e  i s  shown i n  F ig .  2.14, a c d  
a  r o o t  l o c u s  f o r  E s l i g h t l y  l e s s  t h a n  n i s  shown i n  F ig .  2 .15,  
1 
F i g u r e  2.8 O s c i l l a t i o n  Boundary i n  Pa ramete r  Space  f o r  Case  LA. 
F i g u r e  2 . 9  P a r t i a l  Boundary i n  P a r a m e t e r  Space  f o r  Case I A .  
F i g u r e  2.10 Root Locus f o r  Case I A  (5 = -6 x 
Figure 2.11 Oscillation Boundary in Parameter Space for Case 111, 
F i g u r e  2 .12  Root Locus f o r  Case 111 ( 5  = 0 .51) .  
Case IE A 
7,  =0./5 
T~ = 0.05 
F i g u r e  2 .13 O s c i l l a t i o n  Boundary i n  Paramete r  Space f o r  Case I L I A ,  
F i g u r e  2 .14  P a r t i a l  Boundary i n  P a r a m e t e r  Space  f o r  Case IIIA, 
F i g u r e  2.15 Root Locus f o r  Case I I I A  ( 6  = 0 . 1 4 9 8 6 ) .  
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Third-order  sys tems w i t h  f o u r  c r o s s i n g s  of t h e  o s c i l l a t i o n  
boundary ( f o u r  d e p a r t u r e  p o i n t s  w i t h  t h e  same s i g n  of K)  a r e  n o t  
encounte red  v e r y  f r e q u e n t l y .  I n  g e n e r a l ,  t h e  o s c i l l a t i o n  boundary 
may b e  roughly l o c a t e d  by making a few r o o t - l o c u s  s k e t c h e s  and 
c o r r e l a t i n g  them w i t h  t h e  x ,y  p l a n e .  The p e c u l i a r  sys tems  we used 
f o r  i l l u s t r a t i o n  a r e  n o t  v e r y  i m p o r t a n t  i n  p r a c t i c e .  However, when 
more d e t a i l  i s  d e s i r e d ,  i t  can b e  o b t a i n e d  q u a l i t a t i v e l y .  A double- 
loop  r o o t  l o c u s  such  a s  Fig .  2.15 can b e  a n t i c i p a t e d  by s k e t c h i n g  
l i m i t i n g  c a s e s  w i t h  t h e  z e r o  v e r y  c l o s e  t o  t h e  p o l e .  The two l o o p s  
t h e n  have v e r y  l i t t l e  e f f e c t  on each o t h e r ,  and t h e  smaller l o o p  lnust 
e x i s t  f o r  a z e r o  v e r y  n e a r ,  and t o  t h e  r i g h t  o f ,  t h e  p o l e  of -0 . 
1 
Once t h i s  i s  e s t a b l i s h e d ,  t h e  d e t a i l s  of t h e  o s c i l l a t i o n  boundary are 
e a s i l y  o b t a i n e d .  
CHAPTER 3 
STABLE REGIONS WITH THE EFFECTIVE 
LIFETIME MODEL 
I n t r o d u c t i o n  
We now e x p l o r e  t h e  s t a b i l i t y  r e g i o n s  of t h e  the rmion ic  r e a c t o r  
u s i n g  t h e  e f f e c t i v e  l i f e t i m e  model and t h e  coupled t empera tu re  e q u a t i o n s  
We do s o  by making computer s u r v e y s  of e x a c t  s o l u t i o n s  of t h e  sys tem 
of d i f f e r e n t i a l  e q u a t i o n s .  The observed  s t a b i l i t y  bounds a r e  t h e n  com- 
pared t o  some which have been d e r i v e d  mathemat ica l ly .  The c h a r a c t e r -  
i s t i c s  of t h e  v a r i o u s  s t a b i l i t y  r e g i o n s  are d i s c u s s e d ,  and f i n a l l y  the  
s e a r c h  f o r  c o n c e n t r i c  l i m i t  c y c l e s  is  d e s c r i b e d .  
System Equa t ions  
The e q u a t i o n s  a r e  
Most of t h e  symbols have been d e f i n e d  i n  Chapter  2 .  The q u a n t i t y  R" 8 / h ,  
a s  shown, i s  t h e  e f f e c t i v e  l i f e t i m e .  T  is  t h e  t empera tu re  ( d e p a r t u r e  
1 
from e q u i l i b r i u m )  of t h e  f u e l - e m i t t e r  (Region l ) ,  where t h e  heat i s  
2 9 
g e n e r a t e d .  T is  t h e  t e m p e r a t u r e  ( d e p a r t u r e  from e q u i l i b r i u m )  of 
2 
t h e  c o l l e c t o r  (Region 2 ) ,  where no h e a t  i s  g e n e r a t e d .  The symbol p 
s t a n d s  f o r  n e t  r e a c t l i v i t y .  S i n c e  we coi ls ider  o n l y  autonomous 
systems t h e r e  i s  no e x t e r n a l l y  impressed r e a c t i v i t y .  The s i g n  con- 
v e n t i o n  t h a t  we o b s e r v e  is  t h a t  a p o s i t i v e  v a l u e  o f  a means negative 
r e a c t i v i t y  feedback.  For a more d e t a i l e d  d e s c r i p t i o n  of t h e  the rmion ic  
r e a c t o r , s e e  Brehm e t  a l .  (1967) o r  Schmidt (1969).  
Equa t ion  (3-1) i s  t h e  well-known e f f e c t i v e  l i f e t i m e  model, 
Because of i t s  s i m p l i c i t y  i t  h a s  been used e x t e n s i v e l y  (GyftopouLos 
1961, S h o t k i n  1964, Smets 1964,  Akcasu and Noble 1966, Schmidt 1969), 
This  model does  n o t  d e s c r i b e  t h e  e f f e c t  o f  d e l a y e d  n e u t r o n s  on 
s t a b i l i t y  b e h a v i o r  b u t  g i v e s  t h e  c o r r e c t  t i m e  s c a l e  f o r  n e u t r o n  
k i n e t i c s  f o r  s m a l l  p .  
Equa t ions  (3-2) and (3-3) a r e  t h e  coupled t e m p e r a t u r e  equa- 
t i o n s  of t h e  p h y s i c a l  sys tem.  They are, b a s i c a l l y ,  t h e  h e a t  balance 
e q u a t i o n s  f o r  Region 1 and Region 2,  r e s p e c t i v e l y .  Equa t ion  (3-4) 
r e p r e s e n t s  t h e  t e m p e r a t u r e  r e a c t i v i t y  feedbacks  from Region 1 and 
Region 2.  I n  t h e  t h e r m i o n i c  r e a c t o r  t h e  feedback from Region 1 i s  
prompt p o s i t i v e ,  w h i l e  t h a t  from Region 2  i s  d e l a y e d  n e g a t i v e .  
S t a b i l i t y  Regions 
The sys tem of e q u a t i o n s  o f  t h e  p r e v i o u s  s e c t i o n  w a s  programmed 
f o r  s o l u t i o n  on t h e  CDC 6400 d i g i t a l  computer o f  t h e  U n i v e r s i t y  of 
Arizona Computer Cen te r .  A b r i e f  d e s c r i p t i o n  of t h e  program and a 
l i s t i n g  a r e  g iven  in  t h e  Appendix. The mapping of s t a b i l i t y  r e g i o n s  for 
power p e r t u r b a t i o n s  is  accomplished by v a r y i n g  t h e  i n i t i a l  power for a 
g iven  set of e q u i l i b r i u m  c o n d i t i o n s  and examining t h e  computer s o l u t i o n s ,  
Such a mapping was done f o r  t h e  f o l l o w i n g  c a s e ,  d e s i g n a t e d  as 
Case I, 5 = -0.1, 
- 1 X = 0 . 1  s e c  ,. 6 = 0 . 0 1  , 
- 1 b  = 100 OC/14w - s e c  , n 1  = 0 . 5  s e e  
-1 
r72 
= 0.25 s e c  , - 1 
rl 3 = 0 .2  s e c  
1 
p e r  O C  , -6 
a 2 = 0 . 4  x 1 0  p e r  O C  
The c r i t i c a l  power, n  f o r  t h i s  c a s e  i s  262.5 I%?. The e q u i l i b r i u m  power, 
C' 
n  w a s  v a r i e d  and,  f o r  each n  , t h e  maximum power p e r t u r b a t i o n  (both 
0' 0 
p o s i t i v e  and n e g a t i v e )  was determined f o r  which t h e  sys tem remained 
s t a b l e .  The r e s u l t s  a r e  shown i n  F ig .  3 .1  w i t h  t h e  t h r e s h o l d  for un- 
bounded s o l u t i o n s  p l o t t e d  a s  a  f u n c t i o n  of e q u i l i b r i u m  power* The 
bounded r e g i o n  does  n o t  d i s a p p e a r  a t  c r i t i c a l  power, b u t  ex tends  to 
300 Mw where i t  ends a b r u p t l y .  A l l  s o l u t i o n s  f o r  g r e a t e r  n  are  
0 
unbounded and e x h i b i t  f i n i t e  e s c a p e  t ime.  The 300 lfw l i m i t  i n  F i g ,  3 ,  b 
i s  p r e c i s e l y  t h e  c u t o f f  f o r  t h e  e x i s t e n c e  of s t a b l e  l i m i t  c y c l e s  
observed by S h o t k i n  (1964) and v e r i f i e d  by Schmidt (1969) i n  his com- 
p u t e r  s t u d i e s .  A f u r t h e r  d i s c u s s i o n  of t h i s  l i m i t  a p p e a r s  i n  a  follow- 
i n g  s e c t i o a  of t h i s  c h a p t e r .  It i s  n o t e d  t h a t  t h e  r e g i o n s  d e s i g n a t e d  
"bounded" i n  Fig .  3 . 1  a r e  t h o s e  of s t a b l e  l i m i t  c y c l e s .  
Becent ly  , C u r t i s  ( i n  F r e p a r a t i o n )  i n v e s t i g a t e d  a  s i n i l a r  s y s t e r ~  
( e f f e c t i v e  l i f e t i m e  model, poher p e r t u r b a t i o r ,  only) u s i n g  t h e  Pcpov (1963) 
c r i t e r i o n .  The s t a b l e  r e g i o n   hat Ire o b t a i n s  i s  s m a l l e r  t h a n  t h e  total 
bounded r e g i o n  ( s t a b l e  + bounded) of F i g .  3.1. T h i s  u n d e r e s t i m a t i o n  

is  t o  b e  expec ted  because  t h e  method i s  based on s u f f i c i e n t  c o n d i t i o n s  
f o r  s t a b i l i t y .  Also i n  c o n t r a s t  t o  F ig .  3.1,  h i s  s t a b l e  r e g i o n  
d i s a p p e a r s  a t  c r i t i c a l  power. Note, t o o ,  t h a t  frequency-domain s t a b i l i t y  
c r i t e r i a  of t h i s  t y p e  a r e  r e s t r i c t e d  t o  s o l u t i o n s  o f  e x p o n e n t i a l  o r d e r ,  
because  t h e  e x i s t e n c e  o f  Lap lace  o r  F o u r i e r  t r a n s f o r m s  i s  t a c i t l y  
assumed. Hence s t a b i l i t y  c o n c l u s i o n s  a r e  t e n t a t i v e  whenever t h e  possi- 
b i l i t y  of f i n i t e  e s c a p e  e x i s t s .  
F i n a l l y  we n o t e  t h a t  i n  b o t h  c a s e s  t h e  p rocedure  of p e r t u r b i n g  
t h e  power a l o n e  i s  n o t  s u f f i c i e n t  f o r  mapping t h e  s t a b l e  domain i n  
s t a t e  space .  To do t h i s  one would have t o  s t u d y  p e r t u r b a t i o n s  i n  b o t h  
t e m p e r a t u r e s ,  a s  w e l l  as t h o s e  i n  power. 
The Bounded Region 
We now examine t h e  n a t u r e  of t r a j e c t o r i e s  i n  t h e  bounded 
r e g i o n  of F i g .  3 .1 .  We s e l e c t  an e q u i l i b r i u m  power of 265 Mw f o r  
t h e s e  s t u d i e s .  A  t y p i c a l  t r a j e c t o r y  i n  t h e  n ,T  p l a n e  i s  shown i n  1  
F i g .  3.2.  Note t h a t  t h i s  i s  a c t u a l l y  t h e  p r o j e c t i o n  of a t r a j e c t o r y  
i n  n ,T ,T s p a c e  o n t o  t h e  n ,T  p l a n e .  The i n i t i a l  c o n d i t i o n s  f o r  
1 2  1 
t h i s  r u n  a r e  T  = T2 = 0,  and n  ( i n i t i a l  power) = 525.306 Mw, i ,  e .  , 1  i 
a  6n (power p e r t u r b a t i o n )  = 260.306 Mw. As a r e s u l t  o f  t h e  p o s i t i v e  
6n and t h e  prompt p o s i t i v e  t e m p e r a t u r e  c o e f f i c i e n t ,  n,T1 and T a l l  
2 
i n c r e a s e  i n i t i a l l y .  The power peaks  a t  6036 MI? w i t h  cor responding  
T1 = 1.016 x l o 6  O C  and T  = 0.8464 x l o 6  O C .  The de layed  n e g a t i v e  
2 
t empera tu re  c o e f f i c i e n t  h a s  t aken  e f f e c t ,  s o  t h e  power d e c r e a s e s  as 
t h e  t empera tu res  c o n t i n u e  t o  i n c r e a s e .  With a  f u r t h e r  d e c r e a s e  i n  
power t h e  t empera tu res  a l s o  d e c r e a s e ,  hence t h e  c u r v e  i n  F ig .  3 .2  
Effect ive Lifetime, Case I , =-0.1 
Temperature x loe5 (OC) 
Figu re  3 . 2  P r o j e c t i o n :  E f f e c t i v e  L i f e t i m e  S t a b l e  Limit  Cycle.  
moves back toward t h e  o r i g i n  f o r  d e c r e a s i n g  power. The power renlairls 
a t  a  v e r y  low l e v e l  ( b u t  n o t  z e r o )  a s  T becomes n e g a t i v e  (below 
1 
e q u i l i b r i u m ) ,  and f i n a l l y  as n  and T i n c r e a s e  a g a i n  t h e  t r a j e c t o r y  
1 
winds o n t o  a s t a b l e  l i m i t  c y c l e .  T r a j e c t o r i e s  t h a t  o r i g i n a t e  i n s i d e  
t h i s  l i m i t  c y c l e ,  o f f  t h e  e q u i l i b r i u m  p o i n t ,  a l s o  wind o n t o  t h e  l i m i t  
c y c l e .  We w i l l  demons t ra te  an  aria-lytical method f o r  c a l c u l a t i n g  t h i s  
l i m i t  c y c l e  i n  Chap te r  5. I f  ni i s  i n c r e a s e d  t o  a v a l u e  o f  525.3075 Pfw 
( i n i t i a l  T = i n i t i a l  T = 0) t h e  t r a j e c t o r y  d i v e r g e s  w i t h  f i n i t e  
1 2 
e s c a p e  t ime. Below t h i s  l i m i t  t h e  t r a j e c t o r i e s  make i n c r e a s i n g l y  Large 
t r a v e r s e s  b e f o r e  winding o n t o  t h e  l i m i t  c y c l e ,  w i t h  i n c r e a s i n g  n . .  
4 
Note t h a t  t h e r e  a r e  an  i n f i n i t e  number o f  c h o i c e s  below t h e  l i m i t i n g  
v a l u e ,  i. e. , one may choose n v a l u e s  a s  c l o s e  a s  h e  l i k e s  t o  525,3075 :.'rb~. i 
A th ree -d imens iona l  view of  t h e  f o r e g o i n g  t r a j e c t o r y  i s  shown 
i n  F ig .  3 .3 .  The d o t t e d  l i n e  i n  t h e  n , T  p l a n e  i s  t h e  t r a j e c t o r y  prc- 
1 
j e c t i o n  o f  F ig .  3.2.  The i n i t i a l  r i s e  o f  t h e  t r a j e c t o r y  i n  n , T  ,T 
1 2  
s p a c e  i s  a l o n g  a  s t r a i g h t  l i n e  which l i e s  i n  t h e  maximum r e a c t i v i t y  
p l a n e .  A f t e r  t h e  t r a j e c t o r y  p a s s e s  i t s  peak i t  c u t s  a c r o s s  p l a n e s  oE 
lower r e a c t i v i t y  ( toward t h e  n , T  p l a n e )  a s  n  and T d e c r e a s e ,  I t  
2 1 
moves j u s t  above t h e  n  = 0 p l a n e  i n t o  t h e  r e g i o n  of n e g a t i v e  tempera- 
t u r e s  b e f o r e  r i s i n g  a g a i n  t o  wind o n t o  t h e  s t a b l e  l i m i t  c y c l e  s i t u a i e d  
i n  n ,T ,T space .  
1 2  
The S t a b l e  Region 
To i n v e s t i g a t e  t h e  s t a b l e  r e g i o n  o f  F ig .  3 . l w e  choose a11 
e q u i l i b r i u m  power o f  100 Mw which is  f a r  below t h e  c r i t i c a l  power. A 
computat ion w i t h  n e g a t i v e  i n i t i a l  v a l u e s  o f  T and T and ni = 2 , 9  F1i.r 
1 2 
Effective Lifetime 
Case I , = -0.1 
no =265 
F i g u r e  3 .3  E f f e c t i v e  L i f e t i m e  S t a b l e  L i m i t  C y c l e .  
g i v e s  t h e  p r o j e c t e d  t r a j e c t o r y  of F ig .  3.4.  Q u a l i t a t i v e l y  t h i s  t r a c e  
i s  s i m i l a r  t o  t h a t  of F i g .  3.2,  t h e  e s s e n t i a l  d i f f e r e n c e  b e i n g  t h a t  
h e r e  t h e  t r a j e c t o r y  ends  a t  t h e  e q u i l i b r i u m  p o i n t ,  n o t  on a  limit 
c y c l e  abou t  t h a t  p o i n t .  Thus t h e  e q u i l i b r i u m  p o i n t  i s  a s t a b l e  focus 
and t h e  r e g i o n  t r a v e r s e d  by t h e  t r a j e c t o r y  i s  one of asympt0ti .c s t a b i l - -  
i t y .  T r a j e c t o r i e s  w i t h  11 v a l u e s  of 2 .92 I\Iw (611 = -97 .OS 2 % ~ )  and above i 
(TII  = -300,000, T2 = -290,000) e x h i b i t  f i n i t e  e s c a p e  t i m e .  
I 
L i m i t s  o f  S t a b i l i t y  Regions 
A s t u d y  o f  t h e  n a t u r e  o f  t h e  bounded and s t a b l e  t r a j e c t o r i e s  
s u g g e s t s  t h e  e x i s t e n c e  of l i m i t i n g  p l a n e s  i n  t h e  n ,T ,T s p a c e ,  
1 2  
Kenda l l  (1971) d e r i v e s  nla themat ical  e x p r e s s i o n s  f o r  t h e s e  p l a n e s  which  
a r e  shown i n  F ig .  3.5 f o r  t h e  s t a b l e  l i m i t  c y c l e  c a s e  (n  = 265 F ~ T )  
0 
P l a n e  A is  a  s e p a r a t r i x  p l a n e  between bounded t r a j e c t o r i e s  and  those 
e x h i b i t i n g  f i n i t e  e s c a p e  t ime. Those below a r e  bounded w h i l e  those  
above d i v e r g e .  P l a n e  B i s  t h e  maximum r e a c t i v i t y  p l a n e  and P l a n e  C 
is  t h e  n  = 0 p l a n e .  Note t h e  i n t e r s e c t i o n  of t h e  A and C p l a n e s  which 
i s  shown as t h e  d o t t e d  l i n e  beh ind  t h e  n ,T p l a n e .  The t r i a n g u l a r  2  
r e g i o n  i n t e r i o r  t o  t h e  t h r e e  p l a n e s  A, B ,  and C,  e x t e n d i n g  t o  infinity, 
i s  t h e  bounded r e g i o n .  The e q u a t i o n  of p l a n e  A i s  
and t h a t  of p l a n e  B i s  
Effective Lifetime 
Case I, (=-0.1 
ng 100 Mw 
nt= 2.9 M w 
Temperature x 1 0 ' ~  (OC) 
F i g u r e  3 . 4  E f f e c t i v e  L i f e t i m e  S t a b l e  Focus .  
Effect ive L i fe t ime  I 
Case I, c=-0.1 
no =265 M w  
F i g u r e  3 .5  E f f e c t i v e  L i f e t i m e  L i m i t i n g  Planes. 
From Eq.  (3-6) t h e  maximum r e a c t i v i t y  can  b e  c a l c u l a t e d  t o  b e  0 , O l .  
The numer ica l  computat ions  g i v e  0.0104. Computer s o l u t i o n s  show tha t  
t h e  l i n e  formed by t h e  i n t e r s e c t i o n  of p l a n e s  A and B i s  a  l i n e  o f  
a t t r a c t i o n  f o r  b o t h  bounded and d i v e r g i n g  t r a j e c t o r i e s .  Bounded t r e j e c -  
t o r i e s  f o l l o w  t h i s  l i n e  u n t i l  j u s t  b e f o r e  t h e y  peak ,  a s  p r e v i o u s i y  
d e s c r i b e d ,  and t h o s e  t h a t  o r i g i n a t e  above p l a n e  A i n  t h e  v i c i n i t y  of 
t h i s  l i n e  f o l l o w  i t  b e f o r e  d i v e r g i n g  w i t h  f i n i t e  escape  t ime .  
Kenda l l  (1971) g i v e s  a  mathemat ica l  proof  t h a t  t h e  t r i a n g u l a r  
r e g i o n  formed by Eqs. (3 -5 )  and (3-6) and t h e  n  = 0  p l a n e  i s  one Iiaving 
t h e  p r o p e r t y  t h a t  a l l  t r a j e c t o r i e s  c r o s s  t h e  p l a n a r  b o u n d a r i e s  from 
t h e  o u t s i d e  t o  t h e  i n t e r i o r .  However, boundedness i s  n o t  proved becaus?  
t h e  r e g i o n  opens t o  i n f i n i t y .  B i s  a t t e m p t s  t o  p rove  boundedness u s i n g  
t h e  Liapunov method and geomet r ic  p r o o f s  were  b o t h  u n s u c c e s s f u l ,  bu" lLe 
cou ld  n o t  f i n d  by numer ica l  computat ion any t r a j  ec  t o r y  t h a t  o r i g i n a i e d  
w i t h i n  t h e  r e g i o n ,  o r  c r o s s e d  t l ~ e  boundary planes,  t h a t  became ur~boulded,  
He conc ludes  t h a t  t h e  r e g i o n  c o n t a i n s  o n l y  bounded s o l u t i o n s .  
One of t h e  c o n d i t i o n s  of t h e  p roof  l e a d s  t o  an  i n t e r e s t i n g  
r e s u l t .  I t  i s  
where t h e  f o l l o w i n g  a r e  f o r  t h e  uncoupled h e a t  t r a n s f e r  e q u a t i o n s ,  
a ' = r e a c t i v i t y  c o e f f i c i e n t  (Region 1 )  
1 
a ' = r e a c t i v i t y  c o e f f i c i e n t  (Region 2 )  
1 
K = r e c i p r o c a l  h e a t  c a p a c i t y  (Region 1 )  
1 
K2 = r e c i p r o c a l  h e a t  c a p a c i t y  (Region 2) 
Y1 
= r e c i p r o c a l  t ime  c o n s t a n t  (Region 1 )  
Y2 
= r e c i p r o c a l  t ime c o n s t a n t  (Region 2 )  
Using t h e  p r o p e r  t r a n s f o r m a t i o n s  (Schmidt,  1 9 6 9 ) ,  we f i n d  i n  terms of 
our  coupled h e a t  t r a n s f e r  e q u a t i o n s  
-1 
Y1 
= 0.25 s e c  
- 1 
Y2 
= 0 .4  s e c  
S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  Eq .  (3-7) we f i n d  
This  i s  p r e c i s e l y  t h e  l i m i t  shown i n  F ig .  3 . 1  f o r  s t a b l e  l i m i t  c y c l e s ,  
For t h e  s t a b l e  f o c u s  c a s e  (n  = 100 Pfw) t h e r e  a r e  analogous 
0 
l i m i t i n g  p l a n e s  t o  t h o s e  shown i n  F i g .  3.5. However, t h e  bounded t r i -  
a n g u l a r  r e g i o n  e x t e n d i n g  t o  i n f i n i t y  i s  one of a s y m p t o t i c  s t a b i l i t y ,  
a s  a l l  t r a j e c t o r i e s  i n  t h i s  r e g i o n  t e r m i n a t e  a t  t h e  e q u i l i b r i u m  point, 
A s  b e f o r e ,  t h i s  c o n c l u s i o n  i s  based on numer ica l  c a l c u l a t i o n  and not 
on mathemat ica l  p r o o f .  
F i n i t e  Escape T r a j e c t o r i e s  
L e t  us  suppose t h a t  f o r  f i n i t e  escape  t r a j e c t o r i e s  t h e  power 
becomes p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  r e a c t i v i t y  a t  l a r g e  values 
of r e a c t i v i t y ,  i .e . ,  
We can  test t h i s  h y p o t h e s i s  by c a l c u l a t i n g  A and comparing Eq, (3-8) 
w i t h  n u m e r i c a l l y  c a l c u l a t e d  f i n i t e  e s c a p e  t r a j e c t o r i e s .  
We use  t h e  f o l l o w i n g  e q u a t i o n  which i s  t h e  second-order  
e q u i v a l e n t  of Eqs. (3-1) through (3-4) 
S u b s t i t u t i n g  t h e  p r o p e r  d e r i v a t i v e s  of Eq. (3-8) i n t o  Eq. (3-,9) w e  fi.nc1 
Equat ing c o e f f i c i e n t s  of p 3  ( n e g l e c t i n g  o t h e r  p  terms as smal l  compared 
t o  p  3, w e  have 
A p l o t  of Eq. (3-8) u s i n g  Eq. (3-11) i s  s h o r n  i n  F ig .  3.6 w i t h  t y p i c a l  
numer ica l  d a t a  p o i n t s .  Note t h a t  f o r  l a r g e  p ,  approx imate ly  10 (1000$), 
t h e  d a t a  p o i n t s  converge t o  Eq. (3-8). T h i s  v e r i f i e s  t h e  h y p o t h e s i s .  
P t  i s  no ted  t h a t  t h i s  r e s u l t  i s  a n  asyinptot ic  p r o p e r t y  of t h e  matile-" 
m a t i c a l  model, having no r e a l  p h y s i c a l  s i g n i f i c a n c e .  
F i g u r e  3 . 6  E f f e c t i v e  L i f e t i m e  F i n i t e  Escape T r a j e c t o r i e s ,  
The Search  f o r  C o n c e n t r i c  L imi t  Cyc les  
It was sugges ted  by H. B. Smets ( p r i v a t e  communication t o  
T. R .  Schmidt,  1970) t h a t  i t  is  p o s s i b l e  t o  have c o n c e n t r i c  l i m i t  
c y c l e s  i n  t h e  e f f e c t i v e  l i f  etinle model a t  e q u i l i b r i u m  powers s l i g h t l y  
above c r i t i c a l .  Although Schmidt (1969) o b s e r v e s  o n l y  s t a b l e  l i m i t  
c y c l e s  w i t h  t h e  e f f e c t i v e  l i f e t i m e  model, t h e r e  i s  no mathemat ica l  
proof t h a t  p r e c l u d e s  t h e  e x i s t e n c e  of c o n c e n t r i c  l i m i t  c y c l e s  f o r  this 
model. Censequent ly  a s e a r c h  was made f o r  t h i s  phenomenon u s i n g  an 
e q u i l i b r i u m  power of 265 Kw, which i s  2 .5  Nw above c r i t i c a l  power. The 
s t a b l e  l i i n i t  c y c l e  found h a s  a l r e a d y  been d i s c u s s e d  and i s  shown i n  
F i g s .  3.2 and 3 . 3 .  The s e a r c h  f o r  a  l a r g e r  su r rounding  l i m i t  c y c l e  w a s  
u n s u c c e s s f u l .  Even when t h e  l a r g e  i n i t i a l  v a l u e  o f  3  x l o 7  O C  \,~,ias used 
f o r  bo th  t e m p e r a t u r e s ,  t h e  t r a j e c t o r y  t e r m i n a t e d  on t h e  s i n g l e  s t a b l e  
l i m i t  c y c l e .  T h i s  t e n d s  t o  c o r r o b o r a t e  t h e  c o n c l u s i o n  of Rendall (1?7B 
t h a t  t h e  r e g i o n  of F i g .  3 . 5  i s  a n  i n f i n i t e  r e g i o n  of bounded solutions, 
Summary 
I n  t h i s  c h a p t e r  we i n v e s t i g a t e d  t h e  s t a b i l i t y  r e g i o n s  of tho 
e f f e c t i v e  l i f e t i m e  model and coupled h e a t  t r a n s f e r  e q u a t i o n s  o f  t h e  
the rmion ic  r e a c t o r .  The observed boundar ies  o f  bounded and s t a b l e  
r e g i o n s  were c o r r e l a t e d  w i t h  a  mathemat ica l  model. It was found t h a t  
t r a j e c t o r i e s  o u t s i d e  t h e s e  r e g i o n s  e x h i b i t e d  f i n i t e  e s c a p e  t in ie ,  and 
f o r  l a r g e  v a l u e s  o f  r e a c t i v i t y  t h e  power becomes p ropor t iona l .  t o  t h e  
s q u a r e  of t h e  r e a c t i v i t y .  The s e a r c h  f o r  c o n c e n t r i c  l i m i t  c y c l e s  i n  
t h i s  model proved u n s u c c e s s f u l .  
CHAPTER 4 
STABILITY REGIONS WITH THE 
PROMPT JUMP MODEL 
I n t r o d u c t i o n  
I n  t h i s  c h a p t e r  we e x p l o r e  some of  t h e  s t a b l e  r e g i o n s  of the 
prompt jump model. Th i s  n e u t r o n  k i n e t i c s  model t o g e t h e r  w i t h  the caup led  
t empera tu re  e q u a t i o n s  of t h e  t h e r m i o n i c  r e a c t o r  form t h e  sys tem of equa- 
t i o n s .  The computat ion t e c h n i q u e  and computer program used h e r e  are the 
s a m e  as t h o s e  of Chapter  3 .  The prompt jump model i s  t h e n  compared w i t h  
a one-delay group model t o  de te rmine  i f  a p p a r e n t  f i n i t e  e s c a p e  t r a j e c t o r -  
ies of  t h e  prompt jump model a r e  real o r  t h e  r e s u l t  o f  t h e  f a i l u r e  of 
t h e  model n e a r  prompt c r i t i c a l .  
The System Equa t ions  
The e q u a t i o n s  are 
Equa t ion  (4-1) is  t h e  f a m i l i a r  prompt jump model f o r  one d e l a y  g roup ,  
The symbols have been d e f i n e d  p r e v i o u s l y .  The o t h e r  e q u a t i o n s  have been 
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d i s c u s s e d  and are shown h e r e  f o r  completeness .  Equatioll ( 4 - l ) r e p r e s e i ~ t s  
t h e  s i m p l e s t  n e u t r o n  k i n e t i c s  model h a v i n g  some measure of r e a l i s m  (pro-  
v ided  p < @ ) ,  f o r  i t  d e s c r i b e s  t h e  e f f e c t  of de layed  n e u t r o n s  on s t a b i l i t y  
b e h a v i o r .  The d e r i v a t i o n  of Eq. (4-1) from t h e  one-delay group e q u a t i o n s  
r e p r e s e n t s  a  r e d u c t i o n  o f  o r d e r ,  though t h e r e  are p i t f a l l s  and r a m i f i c a -  
t i o n s  t h a t  i n v o l v e  t h e  t h e o r y  o f  s i n g u l a r  p e r t u r b a t i o n s .  These w i l l  n o t  
be  t r e a t e d  h e r e .  For a  d e r i v a t i o n  and a f u l l e r  d i s c u s s i o n  of E q .  (4-1) 
s e e  H e t r i c k  ( i n  p r e s s ) .  Eqilat ion (4-1) i s  somewhat more compl ica te2  
t h a n  t h e  e f f e c t i v e  l i f e t i n e  model and h a s  n o t  enjoyed as wide a usage .  
S t a b l e  Regions 
The s t a b l e  r e g i o n s  f o r  t h r e e  d i f f e r e n t  c a s e s  a r e  c o n s i d e r e d ,  
We u s e  t h e  p r e v i o u s l y  g i v e n  Case I paramete rs  w i t h  5 v a l u e s  of -0,1, 
-0.2,  and -0.6. The c o r r e s p o n d i n g  v a l u e s  of a a r e  0 .4  x 
2 
0.533 x and 1.067 x ( p e r  O C ) ,  r e s p e c t i v e l y .  The m a x i m u m  
power p e r t u r b a t i o n  t o  r e a c h  t h e  t h r e s h o l d  of unbounded s o l u t i c n s  can 
b e  determined by s o l v i n g  E q s .  (4-1) th rough  (4-4) f o r  v a r i o u s  i n i t i a l  
powers. Th i s  was done f o r  a  s e r i e s  of e q u i l i b r i u m  powers,  u s i n g  t h e  
d i g i t a l  computer program d e s c r i b e d  i n  t h e  a p p e n d i x , t o  map s t a b l e  r e ~ i o ~ l s  
of t h e  prompt jump model. 
The r e s u l t s  f o r  Case I, 5 = -0 .1 ,  a r e  shown i n  F ig .  4 . 1 .  The 
s t a b l e  r e g i o n  ends  a b r u p t l y  a t  t h e  c r i t i c a l  power of 190.9 Efw, The 
prompt jump model e x h i b i t s  u n s t a b l e  l i m i t  c y c l e s  below b u t  n e a r  crit- 
i c a l  power. The i n t e r i o r  r e g i o n  of such  a l i m i t  c y c l e  i s  a s y m p t o t i c a l l y  
s t a b l e .  A t  c r i t i c a l  power t h e  u n s t a b l e  l i m i t  c y c l e  (hence t h e  s t a b l e  
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F i g u r e  4 . 1  Prompt Jump S t a b i l i t y  Regions,  5 = -0.1. 

Prompt J u m p  
Case I , =-0.2 
nc=186.9 Mw 
Figu re  4 .2  Prompt Jump S t a b i l i t y  R e g i o n s ,  5 = -0.2.  
Prompt Jump 
Case I , =-(3,6 
n, = 182.9 Mw 
Stable 
F i g u r e  4.3 Prompt Jump S t a b i l i t y  Reg ions ,  5 = -0.6.  
Comparison o f  t h e  Prompt Jump Model 
t o  t h e  One-Delay Group Model 
Equa t ion  (4-1) i s  no l o n g e r  v a l i d  f o r  p = 6, i . e . ,  t h e  proiilpi 
c r i t i c a l  c o n d i t i o n .  Hence t h e  t r u e  n a t u r e  of a  prompt jump t r a j e c t o r y  
i s  n o t  known when t h i s  c o n d i t i o n  i s  a t t a i n e d .  One may a s c e r t a i n  -ihe 
s t a b i l i t y  behav ior  by comparing t h e  prompt jump r e s u l t s  w i t h  t h o s e  
c a l c u l a t e d  u s i n g  a one-delay group model. 
The one d e l a y  group n e u t r o n  k i n e t i c  e q u a t i o n s  a r e  
The e q u a t i o n s  i n  c o n j u n c t i o n  w i t h  Eqs. (4-2) through (4-4) comprise  
t h e  sys tem e q u a t i o n s .  A l l  symbols a r e  as p r e v i o u s l y  d e f i n e d ,  and c 
i s  t h e  d e l a y e d  n e u t r o n  p r e c u r s o r  c o n c e n t r a t i o n .  The i n i t i a l  v a l u e  o f  
c  i s  found by e q u a t i n g  Eqs. (4-1) and (4-5) (when t h e s e  two models are  
compared). The n e u t r o n  l i f e t i m e  ( g e n e r a t i o n  t ime)  i s  denoted by R ,  
F o r  t h i s  comparison we s e l e c t  t h e  Case I p a r a m e t e r s  w i t h  
5 = -0 .2 .  S i n c e  we wish t o  knov whether  a  g i v e n  t r a j e c t o r y  i s  
unbounded o r  bounded, t h e  p a r t i c u l a r  v a l u e  of n e u t r o n  l i f e t i m e  used i n  
t h e  c a l c u l a t i o n  i s  un impor tan t .  W e  a r b i t r a r i l y  s e l e c t  1 x sec , in 
p r e f e r e n c e  t o  a  s m a l l e r  v a l u e ,  t o  avo id  p o s s i b l e  computa t iona l  d i f f i -  
c u l t i e s  i n  t h e  numer ica l  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n s ,  
The system of e q u a t i o n s  was programmed f o r  s o l u t i o n  on t h e  CDC 6400 
d i ~ i t a l  computer of t h e  U n i v e r s i t y  of Arizona Computer C e n t e r ,  u s i n g  
t h e  code developed by Secker (19G9). The r e s u l t s  of t h e  computat ions  
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are shown i n  F i g .  4 . 4 ,  which i s  t a k e n  from F i g .  5.30 of Schmidt (l969), 
The s o l i d  l i n e s  r e p r e s e n t  prompt jump t r a j e c t o r i e s  w h i l e  t h e  two d o t t e d  
ones  are t h o s e  c a l c u l a t e d  h e r e  (one d e l a y  group model) .  The reac t iv -  
i t i e s  a long  t h e  d o t t e d  l i n e s  cor respond  t o  prompt c r i t i c a l  and super 
prompt c r i t i c a l  c o n d i t i o n s ,  s o  t h e  cor responding  p o r t i o n s  of the 
prompt jump c u r v e s  are no l o n g e r  v a l i d .  That  i s  t o  s a y ,  t h e  portion 
of c u r v e  A cor responding  t o  A' i s  n o t  v a l i d ,  and t h e  same i s  t r u e  for 
c u r v e s  B and B ' .  The two c u r v e s  A '  and B '  b o t h  a t t a i n  i n f i n i t e  value 
i n  f i n i t e  t ime.  They a r e  unbounded and e x h i b i t  f i n i t e  e s c a p e  time. 
F i g u r e  4 . 4  Comparison of the Prompt Jump and One Group Models.  
CHAPTER 5 
THE PERTURBATION EYPANS I O N  METHOD 
I n t r o d u c t i o n  
I n  t h i s  s t u d y  we c o n s i d e r  o n l y  t h e  p o i n t - r e a c t o r  model,  
S t r i c t l y  s p e a k i n g ,  t h i s  model i s  r e l i a b l y  a p p l i c a b l e  o n l y  when t h e  
power l e v e l  i s  r e a s o n a b l y  c l o s e  t o  t h e  e q u i l i b r i u m  v a l u e .  For  l a r g e  
power e x c u r s i o n s ,  s p a t i a l  e f f e c t s  may become s i g n i f i c a n t ,  o r  t h e  
t e m p e r a t u r e  dependence of feedback  r e a c t i v i t y  and h e a t - t r a n s f e r  
c o e f f i c i e n t s  may change i n  a  r a d i c a l  way. It i s  t h e r e f o r e  u s e f u l  t o  
have  some means of e s t i m a t i n g  t h e  bounds of a p p l i  i l i t y  f o r  p o i n t  
k i n e t i c  models .  From a n  i d e a  t h a t  o r i g i n a t e d  w i t  a l k i n  (1958) , 
Shotk in  (1969) developed a  p e r t u r b a t i o n  expansion thod ,  based 011  he 
l i n e a r i z e d  system,  t h a t  can b e  used  i n  r e g i o n s  wh t h e  p o i n t  model 
may n o t  b e  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e  o r  may even b e  bountled; 
i. e.  , i t  may have s o l u t i o n s  w i t h  f i n i t e  e s c a p e  t ime .  When t h e  modc.L 
is  l i n e a r l y  a s y m p t o t i c a l l y  s t a b l e ,  t h e  method can  b e  used t o  c a l c u l a t e  
t h e  l a r g e s t  d i s t u r b a n c e  i n  power, o r  o t h e r  p h y s i c a l  v a r i a b l e s ,  f o r  
which t h e  sys tem s t i l l  remains  a s y m p t o t i c a l l y  s t a b l e  f o r  a g i v e n  s e t  
of o p e r a t i n g  c o n d i t i o n s .  
Devooght and Smets (1967) summarized and compared t h e  a v a i l a b l e  
l i t e r a t u r e  on t h e  l o c a l  s t a b i l i t y  of e q u i l i b r i u m .  They concluded t l l a t  
t e c h n i q u e s  which d e a l  w i t h  l i n e a r i z e d  approx i r~ la t ions  t o  a  sys tem a r e  
e a s i l y  a p p l i e d  b u t  g i v e  much smaller bounds on a l l o w a b l e  d i s t u r b a n c e s  
5 3  
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t h a n  do t e c h n i q u e s  ( t o p o l o g i c a l  o r  Liapunov) t h a t  e x p l i c i t l y  i n c l u d e  
t h e  n o n l i n e a r  terms. However, t h e s e  n o n l i n e a r  t e c h n i q u e s  a r e  d i f f i c u l t  
t o  a p p l y  g e n e r a l l y  and r e q u i r e  v a r y i n g  amounts of i n g e n u i t y ,  depending 
on t h e  p a r t i c u l a r  problem. On t h e  o t h e r  hand, t h e  p e r t u r b a t i o n  
expansion method i s  s t r a i g h t f o r w a r d  and g e n e r a l l y  a p p l i c a b l e  t o  a  wide 
c l a s s  of problems and i n  some c a s e s  g i v e s  r e s u l t s  t h a t  compare f a v o r a b l y  
w i t h  t h e  Liapunov method ( S h o t k i n  1969) .  Fur the rmore ,  a n  a n a l y s i s  of  
n o n l i n e a r  behav ior ,based  on t h e  l i n e a r i z e d  system,  h i g h l i g h t s  two main 
p r a c t i c a l  q u e s t i o n s  of p o i n t  r e a c t o r  k i n e t i c s :  (1) What a r e  t h e  r e a c t o r  
p h y s i c a l  p a r a m e t e r s  and e q u i l i b r i u m  v a l u e s  f o r  which t h e  r e a c t o r  i s  
l i n e a r l y  s t a b l e ?  and (2)  What a r e  bounds on a l l o w a b l e  d e p a r t u r e s  from 
t h e s e  e q u i l i b r i u m  v a l u e s  f o r  which t h e  l i n e a r  a n a l y s i s  is  s t i l l  valid? 
The method i s  a p p l i c a b l e  t o  sys tems  w i t h  n o n l i n e a r  feedback  f u n ~ t i o n ~ l s  
and can  a l s o  be used t o  p r e d i c t  t h e  a m p l i t u d e  and f requency  of s t a h l c -  
l i m i t  c y c l e s ,  when t h e y  e x i s t .  The la t ter  p r o p e r t y  w i l l  b e  demonstra ted 
below. 
O u t l i n e  of Method 
The e q u a t i o n s  and t e c h n i q u e s  o f  t h e  p e r t u r b a t i o n  expansion 
method a r e  d e r i v e d  i n  d e t a i l  by S h o t k i n  (1969).  A b r i e f  o u t l i n e  w i l l  
be  g iven  h e r e  t o  summarize t h o s e  e q u a t i o n s  used i n  t h e  p r e s e n t  s t u d y ,  
The e s s e n c e  of t h e  method i s  t h a t  w i t h  any l i n e a r l y  s t a b l e  sys tem,  t h e r e  
i s  a s s o c i a t e d  a  dominant c a n o n i c a l  c o o r d i n a t e  c o r r e s p o n d i n g  t o  t h e  Leas t  
n e g a t i v e  e i g e n v a l u e  ( o r  a  complex p a i r  of c a n o n i c a l  c o o r d i n a t e s  c o r r e s -  
ponding t o  a  dominant p a i r  of complex e i g e n v a l u e s ) .  These  dominant 
e i g e n v a l u e s  belong t o  t h e  term o r  p a i r  o f  terms i n  t h e  l i n e a r i z e d  
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s o l u t i o n  (an  e x p o n e n t i a l  decay o r  a  damped o s c i l l a t i o n )  t h a t  i s  the 
l a s t  t o  d i s a p p e a r  a s  t i m e  approaches  i n f i n i t y .  I n  t h i s  s e n s e ,  these 
dominant t e rms  r e p r e s e n t  t h e  a s y m p t o t i c  s o l u t i o n s  of l i n e a r i z e d  
problems. 
Consider  t h e  g e n e r a l  m a t r i x  sys tem 
where Y ( t )  i s  a s i n g l e  column n-row ( n x l )  m a t r i x  and L i s  a n  nxn 
s q u a r e  m a t r i x  w i t h  r e a l  c o n s t a n t  e l e m e n t s .  The e lements  of 
Y, ( $ 1 , $ 2 , * * * , Y  ), r e p r e s e n t  d e p a r t u r e s  from e q u i l i b r i u m .  E q u i l i b r i u m  
n  
i s  d e f i n e d  a s  Y = 0 ,  i . e . ,  t h e  p e r t u r b a t i o n s  i n  a l l  p h y s i c a l  quantities 
a r e  e q u a l  t o  z e r o .  N(Y) i s  a n  n x l  m a t r i x  c o n s i s t i n g  of ~ o l y n o m i a l s ,  
f u n c t i o n s  of t h e  e l e m e n t s  of Y ,  beg inn ing  w i t h  terms a t  l e a s t  of the 
second o r d e r  w i t h  N(0) = 0 .  
For  t h e  c a s e  where Y h a s  a  s i n g l e  e lement ,  L = b ,  and 
t h e  sys tem of e q u a t i o n s ,  Eq.  ( 5 - I ) ,  i s  reduced t o  t h e  s i n g l e  equation 
It w i l l  b e  shown i n  t h e  f o l l o w i n g  how t o  t r a n s f o r m  t h e  m a t r i x  E q ,  (5-1) 
i n t o  a s c a l a r  e q u a t i o n  of t h e  form Eq.  (5-2). 
The s t a b i l i t y  of t h e  e q u i l i b r i u m  s o l u t i o n ,  = 0 ,  i n  t h e  
l i n e a r i z e d  approx imat ion  ($ depends upon t h e  s i g n  of b .  If 
1 
b>(<)O, t h e  system i s  l i n e a r l y  u n s t a b l e  ( s t a b l e ) .  The s i g n  of b 
depends on t h e  phys ics  of t h e  l i n e a r i z e d  r e a c t o r  system s i n c e  i t  i s  a 
func t ion  of c o r e  s i z e ,  power l e v e l ,  feedback c o e f f i c i e n t s ,  e t c .  Non- 
l i n e a r  s t a b i l i t y  is  determined by t h e  c o e f f i c i e n t s  of t h e  h igher  o rde r  
terms, t h e  B i n  Eq .  (5-2). These c o e f f i c i e n t s  i n t roduce  t h e  nonl inear  
m 
e f f e c t s  i n  a  s t r a igh t fo rward  way. Suppose t h a t  t h e  h ighe r  o rde r  terms 
i n  Eq. (5-2) a r e  g iven  a t  l e a s t  up t o  t h e  t h i r d  o r d e r ,  i. e .  , 3 .  Let 
*, = @ A ,  @ = +1 , 6 -31  
where A i s  t h e  magnitude of t h e  d i s tu rbance .  Then Eq. (5-2) becomes, 
- 
a f t e r  d iv id ing  through by @ ( I $ ~  = I ) ,  and d e f i n i n g  B2 = B2$, 
The s t a b i l i t y  behavior  of Eq .  (5-2) i s  i d e n t i c a l  w i t h  t h a t  of 
Eq. (5-4). For smal l  A ,  t h e  s i g n  of A (where t h e  do t  s i g n i f i e s  time 
d e r i v a t i v e )  i s  determined by t h e  s i g n  of b .  A s  A i n c r e a s e s ,  the r e a l ,  
p o s i t i v e  va lues  of A t h a t  w i l l  cause t h e  s i g n  of t o  change a r e  
sought .  The v a l u e s  may be  found by s e t t i n g  hi equal  t o  zero and sol.ving 
f o r  t h e  r o o t s  of t h e  a l g e b r a i c  polynomial on t h e  right-hand s i d e ,  Thus 
f o r  terms only up t o  and inc luding  A 3 ,  t h e r e  a r e  t h e  t h r e e  r o o t s  
The f i r s t  r o o t  cor responds  t o  t h e  e q u i l i b r i u m  s ta te  ( z e r o  
p e r t u r b a t i o n ) .  The o t h e r  two r o o t s  must s a t i s f y  t h e  requ i rement  t h a t  
t h e y  b e  r e a l  and p o s i t i v e .  I f  t h e r e  i s  no rea l ,  p o s i t i v e  s o l u t i o n  of 
Eqs. (5-5), t h e n  h i g h e r  o r d e r  terms must b e  i n c l u d e d  t o  d e t e r m i n e  tbe 
bound Ai ( i = l  o r  2 ) .  When t h e  sys tem i s  g l o b a l l y  a s y m p t o t i c a l l y  
s t a b l e ,  a n  i n f i n i t e  number o f  t e rms  i n  Eq. (5-4) would b e  r e q u i r e d  t o  
p r e d i c t  t h e  i n f i n i t e  bound. However, t h i s  p e r t u r b a t i o n  approach  of 
n e g l e c t i n g  h i g h e r  o r d e r  n o n l i n e a r  t e r m s  i s  b e t t e r  s u i t e d  f o r  
d e t e r m i n i n g  r e a l i s t i c  bounds i n  s p e c i f i c a l l y  t h o s e  pa ramete r  r e g i o n s  
where t h e  sys tem i s  n o t  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e .  T h i s  f e a t u r e  
w i l l  b e  a m p l i f i e d  by two of t h e  c a s e s  s t u d i e d  h e r e .  
Next,  i t  w i l l  b e  shown t h a t  i t  i s  p o s s i b l e  t o  t r a n s f o r m  the 
m a t r i x  sys tem of n o n l i n e a r  autonomous o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  
Eq. ( 5 - l ) ,  i n t o  a s i n g l e  s c a l a r  d i f f e r e n t i a l  e q u a t i o n  of t h e  form of  
Eq. (5-4).  The q u e s t i o n  of t h e  s t a b i l i t y  of t h e  s o l u t i o n s  of 
Eq. (5-1) w i t h i n  a  g i v e n  d i s t u r b a n c e  r e g i o n  abou t  e q u i l i b r i u m ,  can  
t h e n  b e  r e s o l v e d  i n  terms of t h e  s t a b i l i t y  o f  Eq. (5-4). The c o n s t a n t  
b  is  t h e  r e a l  p a r t  of t h e  dominant l i n e a r  r o o t ,  and Eqs. (5-5) g i v e  
t h e  bound on  t h e  r e g i o n  a b o u t  e q u i l i b r i u m  f o r  which t h e  behav ior  
p r e d i c t e d  by t h e  l i n e a r  t h e o r y  s t i l l  h o l d s .  I f  b < 0 ,  t h e n  for- A< Ai 
t h e  sys tem i s  a s y m p t o t i c a l l y  s t a b l e ,  and f o r  A > A .  t h e  sys tem diverges 
1 
i n  t ime  from i t s  e q u i l i b r i u m  v a l u e .  The o p p o s i t e  is  t r u e  f o r  b >  0, 
i . e . ,  f o r  A < A .  t h e  a m p l i t u d e  grows i n  t i m e ,  w h i l e  f o r  A >  A .  the 
1 I 
system approaches  A These two c a s e s  a r e  i l l u s t r a t e d  i n  F i g .  5,L i ' 
where t h e r e  i s  a s i n g l e  A.> 0.  The a r rows  i n d i c a t e  t h e  d i r e c t i o n  of 
1 
F i g u r e  5 . 1  T r a j e c t o r i e s  f o r  Two Types of S t a b i l i t y  Behavior.  
t h e  s o l u t i o n  po in t  on t h e  t r a j e c t o r y .  It i s  t o  be noted t h a t  the 
s t a b i l i t y  behavior i s  independent of g2 .  
I n  ca r ry ing  through t h e  a n a l y s i s ,  Shotkin (1969) avoids  us ing  
ma t r ix  n o t a t i o n  i n  o rde r  t o  emphasize t h e  phys i ca l  s i g n i f i c a n c e  of the 
system parameters .  H i s  n o t a t i o n  and procedure a r e  followed closely 
here .  The f i r s t  s t e p  i s  t o  d i agona l i ze  t h e  ma t r ix  L i n  Eq. (5-1) and 
t o  f i n d  t h e  canonica l  coo rd ina t e s  a s soc i a t ed  wi th  t h e  c h a r a c t e r i s t i c  
r o o t s  of S which a r e  t h e  elements of t h e  d iagonal ized  ma t r ix ,  The R 9  
c h a r a c t e r i s t i c  v a l u e s  of s wi th  R = 1 , 2 , - - * , n ,  a s s o c i a t e d  with the R ' 
nxn matrLx L a r e  determined a s  t h e  s o l u t i o n s  of t h e  c h a r a c t e r i s t i c  
determinant  
where I i s  t h e  i d e n t i t y  ma t r ix .  The c h a r a c t e r i s t i c  v e c t o r ,  pi? (an n>cl 
m a t r i x ) ,  a s soc i a t ed  wi th  t h e  R t h  c h a r a c t e r i s t i c  va lue  i s  def ined  by 
The ma t r ix  Y( t )  can be  expressed a s  a  l i n e a r  combination of the p Q 
with  time-dependent c o e f f i c i e n t s ,  y R ( t ) :  
The y ( t )  a r e  s c a l a r  q u a n t i t i e s  and t h e  p a r e  v e c t o r s .  I f  Eq. (5-8) R R 
i s  s u b s t i t u t e d  i n t o  Eq. (5-l) , wi th  i? = 0 ,  and Eq. (5-7) i s  used, the 
fo l lowing  is obta ined  
Because t h e  p a r e  l i n e a r l y  independent ,  Eq. (5-9) can  be  s a t i s f i e d  R 
only when 
The yR a r e  c a l l e d  t h e  canonica l  coo rd ina t e s  a s soc i a t ed  wi th  t h e  Linear 
c h a r a c t e r i s t i c  va lues ,  SR. It should be  noted t h a t  Eqs. (5-10) a r e  a 
s e t  of n  s c a l a r  equat ions .  
A n  e x p l i c i t  method i s  now given  f o r  c a l c u l a t i n g  t h e  yR i n  
terms of t h e  elements of Y ,  t h e  qi. Given t h e  l i n e a r  system 
-- dY(t) - LY ( t )  , d t  
a  t ransformat ion  row m a t r i x ,  K ( a s soc i a t ed  wi th  t h e  R t h  c h a r a c t e r i s t i c  R 
i s  sought t o  t ransform t h e  phys i ca l  v a r i a b l e s ,  $  t o  a  s e t  of i ' 
canonica l  coo rd ina t e s ,  YR ' 
such t h a t  
Since t h e  l i n e a r  t ransformat ion ,  Eq. (5-13), l e a d s  t o  a  s e t  of homo-- 
geneous equat ions ,  Eqs. (5-14), each y con ta ins  a n  a r b i t r a r y  cons t an t  
R 
m u l t i p l i e r .  Thus KR1 = 1 may be  chosen wi thout  a f f e c t i n g  t h e  t r ans -  
formation.  This  w i l l  f i x  t h e  i n i t i a l  v a l u e s  of t h e  yR w i t h  respect t o  
t h e  i n i t i a l  va lues  of t h e  $ . Also, i f  = n ,  o r  = r = I n  (n/no) i 
is  chosen, then  t h e  t ransformat ion  i s  f i x e d  t o  t h e  most important  
v a r i a b l e ,  t h e  power. I f  Eq. (5-11) and Eq. (5-13) a r e  s u b s t i t u t e d  into 
Eq. (5-14) t h e  fo l lowing  is obta ined  
which means t h a t  t h e  elements of K of t h e  t ransformat ion  must s a t i s f y  
9 4  
where L a r e  t h e  elements  of t h e  ma t r ix  L .  Because t h e  $ are j i  i 
l i n e a r l y  independent,  Eq. (5-16) must hold s e p a r a t e l y  f o r  each + on i 
Equation (5-17) determines t h e  elements ,  KQi, of t h e  sought 
t r ans£  ormation, 
where y and Y a r e  n x l  column ma t r i ce s ,  and K i s  an nxn square  matrix, 
With t h e  assumptions t h a t  K i s  nons ingular  and t h a t  t h e  i n v e r s e  t r a n s -  
format i on  
-1 Y = I <  y (5-15x1 
can always be  found, t h e  Q i  can  always be  expressed i n  terms of the 
canonica l  coo rd ina t e s ,  
YQ'  Equation (5-19) can then  be  used t o  
e l i m i n a t e  t he  $ i n  Eq.  (5 - I ) ,  s o  t h a t  Eq. (5-1) may b e  re-expressed i 
i n  terms of t h e  canonical  system 
where t h e  Y a r e  polynomial f u n c t i o n s  of t h e  yR beginning wi th  terms R 
of t h e  second order .  Equations (5-20) w i l l  be  t h e  s u b j e c t  of t h i s  
a n a l y s i s .  I f  t h e  r o o t s ,  SR, a r e  ordered a s  
then  it i s  c l e a r  t h a t  t h e  coord ina te  yl (or  coo rd ina t e s  yl and y2 i f  
ReSl = ReS2) w i l l  dominate t h e  l i n e a r  behavior  f o r  s u f f i c i e n t l y  long 
times a f t e r  a n  i n i t i a l  d i s tu rbance .  It i s  assumed t h a t  t h i s  coord ina te  
w i l l  a l s o  be  a  key f a c t o r  i n  t h e  behavior  f o r  long times a f t e r  l a rge  
d i s tu rbances .  This  seems c o n s i s t e n t  w i th  t h e  p e r t u r b a t i o n  approach, 
which i s  r e s t r i c t e d  t o  reasonable  d i s tu rbances .  
The next  s t e p  i s  t o  e l i m i n a t e  t h e  nondominant coo rd ina t e s .  
Since t h e  y a r e  l i n e a r l y  independent,  any one of them cannot be R 
expressed i n  terms of t h e  o t h e r s .  However, they  a r e  r e l a t e d  i n  a non- 
l i n e a r  manner through Eqs. (5-20). Each of t h e  nondominant c o o r d i ~ a t e s  
can be  expressed i n  terms of t h e  dominant coo rd ina t e s  through a nor<- 
l i n e a r  t ransformat ion  beginning w i t h  terms of a t  l e a s t  t h e  second 
o rde r .  Such a  t ransformat ion  (Malkin 1958) f o r  t h e  case  where t h e  
dominant r o o t s  a r e  complex i s  now exh ib i t ed .  I f  t h e  dominant r o o t  i s  
r e a l ,  a  s i m i l a r  r e s u l t  can b e  obta ined  by j u s t  s e t t i n g  one of t h e  
complex coord ina t e s  (say,  y2 below) equal  t o  zero .  Thus, fo r  
S1 = b + i w  and S2 = b - i w  
We s e e k  a  t r a n s f o r m a t i o n  
w i t h  
a b  
wliere v  (n) c o n t a i n s  a l l  t e rms  of t h e  nth o r d e r  i n  y y  , a +  h - n. j 1 2  
I f  Eq. (5-23) is  d i f f e r e n t i a t e d  and Eq. (5-22) i s  u s e d ,  a n  equat i .09  is 
o b t a i n e d  t h a t  d e t e r m i n e s  t h e  t r a n s f o r m a t i o n  c o e f f i c i e n t s ,  Cjk, after 
t h e  y a r e  r e p l a c e d  by v  : j j 
Equa t ion  (5-24) can  b e  s o l v e d  f o r  t h e  C by s e t t i n g  e q u a l  all. t i lose  j k  
a  
t e rms  of t h e  nth o r d e r  (y y b ,  a + b  = n )  . When Eq. (5-24) i s  sa tis- 
1 2  
t h  f i e d  t o  a g i v e n  o r d e r ,  e . g . ,  t h e  n  o r d e r  approx imat ion  w i t h  a + b  = n, 
i t  can  b e  shown (Malkin 1958) t h a t  nondominant c o o r d i n a t e s  can be 
chosen which w i l l  have z e r o  t i m e  d e r i v a t i v e s  up t o  t h e  n - 1  o r d e r .  
For  t h e  f i r s t  o r d e r ,  
which c a n  b e  s a t i s f i e d  o n l y  f o r  
T h i s  v e r i f i e s  t h a t  t h e  t r a n s f o r m a t i o n ,  Eq. (5-23), must s t a r t  w i t h  
t e r m s  of t h e  second o r d e r .  
I f  t h e  dominant r o o t  i s  real, t h e  s t a b i l i t y  problem i s  
determined by t h e  s i n g l e  e q u a t i o n  govern ing  t h e  c a n o n i c a l  c o o r d i n a t e  
a s s o c i a t e d  w i t h  t h a t  r o o t :  
Yl = s ly1 +Yl ( y l )  (5-27) 
It i s  assumed t h a t  t h e  nondominant r o o t s  have been e l i m i n a t e d  by the  
t r a n s f o r m a t i o n  j u s t  d i s c u s s e d .  I f  t h e  dominant r o o t s  a r e  complex, 
t h e r e  a r e  two c a n o n i c a l  e q u a t i o n s  (once t h e  nondominant r o o t s  have 
been e l i m i n a t e d ) :  
.r. J- 
w i t h  y  - y2 and S1 = S2 (where :'; d e n o t e s  complex c o n j u g a t e ) .  I t  
-7- ,, 
f o l l o w s  t h a t  Yl = Y2 . A s o l u t i o n  t o  Eqs. (5-28) i s  sought  i n  terms 
of a n  a m p l i t u d e ,  A, and a phase ,  0 :  
where t h e  U a r e  p e r i o d i c  f u n c t i o n s  of O .  I f  Eq. (5-29) i s  substituted 
n 
i n t o  Eq. (5-28),  t h e n  Y1 may be  expanded i n  a  s e r i e s  of A": 
where t h e  Y (8 )  depend on t h e  c o e f f i c i e n t s  of yl computed i n  the 
1 11 
p r e v i o u s  o r d e r  (n-1) approx imat ion .  The f o l l o w i n g  i s  o b t a i n e d  f rom 
Eq. (5-25) 
I f  i t  i s  assumed t h a t  
= bA + B , A ~  + B3A3 + * * 
6 = w + Q  A + Q 3 A 2  + * * * ,  2 
t h e n  s t a b i l i t y  is  determined by t h e  a m p l i t u d e  e q u a t i o n ,  Eq. (5--32a), 
which h a s  t h e  i d e n t i c a l  form of Eq. (5-4).  By e q u a t i n g  terms with 
e q u a l  powers of A i n  E q .  (5-31),  t h e  B and R i n  Eqs. (5-32) can Le 
n  n  
so lved  f o r .  These a r e  
I n  t h e  fo l lowing  s e c t i o n  one of t h e  examples g iven  by Shotkin (1969) i s  
worked ou t  i n  d e t a i l .  
A Second Order Reactor Example 
I n  t h i s  example t h e  e f f e c t i v e  l i f e t i m e  model i s  used with a 
prompt-power c o e f f i c i e n t  and a  s ing le - tempera ture  feedback.  The 
p h y s i c a l  equa t ions  a r e  
t ( t )  = - A ~ T ( ~ )  - y [ e  r ( t ) -  11 
T ( t )  = ~ [ e  r ( t )  - 1 - T ( t ) ]  (5-34) 
with  r E Rn [ n ( t ) / n o ] .  The system parameters  r e s u l t  i n  
S1 = - 4 . 2 5 + i 6 . 5 ,  A = 7.5,  E = 1 0 ,  and y  = -1.5. 
1 
The ma t r ix  L i s  
and the canonical matrix, R, is 
so that the canonical coordinates are, 
which satisfy the differential equations: 
- 1 The inverse matrix, K , is 
so that 
where S1 = S2 = bfiw. Since there are only two equations, there are 
no nondominant coordinates to eliminate. Equation (5-37) may be re-- 
written as 
with 
Using the power series expansion 
in Eq. (5-36) together with E q s .  (5-29a) and (5-37), we obtain 
Making u s e  of E q s .  (5-29) th rough  (5-32) we o b t a i n  a n o t h e r  r e l a t i o n s h i p  
i 0  9 (A,B) = A [ b  + iw] e  
Equa t ing  c o e f f i c i e n t s  of A i n  Eqs. (5-40) and (5-41) s imply gives 
S1 = b +  i w .  For h i g h e r  powers, d i f f e r e n t i a l  e q u a t i o n s  f o r  U n  (8) 
r e s u l t ,  which may be  s o l v e d  f o r  t h e  Un(8). The q u a n t i t i e s  I3 11 and 12 n 
c a n  b e  o b t a i n e d  by u s i n g  t h e  a u x i l i a r y  c o n d i t i o n ,  Eq. (5-29b). 
The 0 (h2)  approx imat ion  i s  d e f i n e d  as t h a t  i n  which U3 (0 ) - 0. 
I n  t h i s  c a s e  (B3 + iG3) i s  c a l c u l a t e d  from Eq. (5-33) w i t h  a2 = 0 ,  It 
c a n  b e  shown t h a t  
where t h e  o r d e r e d - p a i r s  o f  numbers i n d i c a t e  complex c o n s t a n t s .  The  
f o l l o w i n g  q u a n t i t i e s  can  a l s o  b e  c a l c u l a t e d ,  
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Using t h e s e  v a l u e s  of B2 and B3 t o g e t h e r  w i t h  b  = -4.25 i n  
Eq. (5-32a) s e t  e q u a l  t o  z e r o ,  ve f i n d  t h a t  A  = 1.277.  Note that  w i t 1 1  
b  n e g a t i v e  and B3 p o s i t i v e  t h i s  c a s e  i s  of t h e  t y p e  (b)  shown i n  
F i g .  5 .1 .  Now u s i n g  Eq.  (5-29a) we f i n d ,  
y l (A,8)  = 1.436 c o s  8  -1 .137 s i n  8  + 0.1323 c o s  28 
+ 0.25 s i n  28 - 0.2915 + i ( l . 1 3 7  c o s  0 + 1 , 4 3 6  s i n  0 
- 0.4715 c o s  28 - 0.0435 s i n  28 - 0.6658) . 
Equa t ions  (5-37) and (5-38) can b e  used  t o  o b t a i n ,  
where Re and I m  s t a n d  f o r  r e a l  p a r t  and imaginary p a r t ,  r e s p e c t i v e l y .  
By l e t t i n g  8  v a r y  from 0  t o  2ri i n  E q .  (5-43) we o b t a i n  a  c l o s e d  curve 
(boundary) i n  t h e  r , T  p l a n e .  
A similar p rocedure  i s  foil-owed i n  t h e  o ( A ~ )  c a l c u l a t i o ~ ~ s  ~ ~ i l e r z  
Uq (8)  = 0 .  The c a l c u l a t i o n s  g i v e  
The u s e  of t h e s e  d a t a  t o g e t h e r  w i t h  t h e  p r e v i o u s l y  c a l c u l a t e d  ~ ~ ( 0 )  
g i v e s  
17~(A,8) = 1.1462 c o s  8  - 1.9618 s i n  8  + 1.3677 c o s  28 
+ 0.0338 s i n  20 - 0.1218 c o s  38 + 0.1648 sin 30  
- 0.6901 f i ( 2 . 8 8 2 8  c o s  8  + 1.1158 s i n  8  
- 1.3002 c o s  20 + 1.8852 s i n  20 - 0.0062 c o s  3 0  
- 0.3734 s i n  38 - 1.5764)  . 
Equa t ions  (5-43) a r e  used t o  o b t a i n  t h e  f i n a l  r e s u l t s .  The r e s u l e s  f o r  
b o t h  o ( A ~ )  and o ( A ~ )  a r e  p l o t t e d  i n  F i g .  5 .2 .  The comple te ly  c l o s e d  
c u r v e s  a r e  shown h e r e  whereas  o n l y  t h o s e  p o r t i o n s  f o r  p o s i t i v e  
t empera tu re  and power g r e a t e r  t h a n  1 a r e  shown by Shotk in  (1969) .  
A S t a b l e  L imi t  Cyc le  Case 
I n  t h i s  c a s e  we c o n s i d e r  t h e  e f f e c t i v e  I i f e t T m e  model with 
two t e m p e r a t u r e  feedbacks ,  as d i s c u s s e d  i n  Chapter  3 .  The added 
complexi ty  h e r e  i s  t h a t  we d e a l  w i t h  a t h i r d - o r d e r  sys tem i n  wllich one 
of t h e  c a n o n i c a l  c o o r d i n a t e s  must b e  e l i m i n a t e d  i n  terms of t h e  
dominant c o o r d i n a t e s .  We a l s o  ex tend  t h e  c a l c u l a t i o n  t o  O ( A ~ )  The 
p h y s i c a l  e q u a t i o n s  a r e  
Fig. 5.2 Stable Region Approximations for Second Order Reactor Y o d e l ,  
r = Rn n / n  ; A = bn,, 0 0 
Al = XalIfi ; h2 = Aa2/B . 
The system p a r a m e t e r s  a r e  
n  = 265 &IT? ; n = 262.5 Mw 0 C 
h = 0 . 1  sec-I  ; b = 100°C/Mw-sec 
- 1 
n, = 0 . 5  s e c  ; 6 = 0.01 
- 1 -1 
n2  = 0 .25  s e c  ; q 3  = 0.2  s e c  
x p e r  O C  ; a2 = 0 .4  x p e r  O C  . 
"1 - - -  3 
The m a t r i x ,  L ,  i s  
from which are c a l c u l a t e d  
T h i s  i n d i c a t e s  t h a t  y3 i s  t h e  nondominant c o o r d i n a t e  and shou ld  b e  
e l i m i n a t e d  i n  terms of yl and y2. 
The c a n o n i c a l  m a t r i x ,  R ,  i s  
and t h e  inve r se  ma t r ix ,  K-I , is  
The nondominant coordina te  i s  el iminated a s  fo l lows:  
Let  
Evaluate  
The d e r i v a t i v e  of yl i s  
Page intentionally left blank 
From Eqs. ( 5 -48 ,  (5-50), and ( 5 -51 )  t h e  q u a n t i t y  
By Eq. ( 5 -24 )  t h e  above q u a n t i t y  must be e q u a l  t o  S3v3 + Y3 (yl ,y2 ,v3 ) , 
which i s  
By e q u a t i n g  c o e f f i c i e n t s  of cor responding  terms i n  Eqs. ( 5 - 5 2 )  a.nd 
( 5 - 5 3 )  t h e  c o n s t a n t s  of Eq. ( 5 - 4 7 )  a r e  found t o  b e  
- '3'1 
'32 - - 2 (s3 - 2s1 
We have thus  determined t h e  non l inea r  t ransformat ion  t h a t  s p e c i f i e s  
y3 i n  terms of y l  and y2.  
* 
Making use  of y  - 2 - Y1 , and s u b s t i t u t i n g  t h e  f i f t h - o r d e r  
approximation of Eq.  (5-29a) i n t o  Eq .  (5-50), we o b t a i n ,  
~1 C22 -ie f i  io i\ +- 2 i 2 e  U 3  (0) + (u,*(0))~1 + slClC2 l e  u, (a) 
A ... - i b  .,- 
+ s ~ c ~ ~ u ~  ( R ) I J 3 " ( 0 )  -L S 1 C l C 2 z  Uq ( R )  + S 1 C l C 2 U 2 ^ ( 8 ) ~  ( 0 )  
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Equat ion (5-41) of t h e  p r e v i o u s  s e c t i o n  i s  g e n e r a l  and i s  a p p l i c a b l e  
h e r e .  By e q u a t i n g  c o e f f i c i e n t s  of cor responding  powers of A i n  
Eqs. (5-41) and (5-54) w e  o b t a i n  d i f f e r e n t i a l  e q u a t i o n s  f o r  U2(0), 
U, ( e ) ,  and U4(0) .  The c o e f f i c i e n t  of i n  Eq .  (5-54) i s  used i n  the 
c a l c u l a t i o n  of B5 t o  o(A&) o n l y ,  s i n c e  t h e  h i g h e s t  o r d e r  c a l c u l a t e d  i s  
t h e  f o u r t h ,  i . e . ,  U s ( @ )  = 0.  As b e f o r e ,  t h e  B  and R may b e  o b t a i n e d  
n  n  
from Eq. (5-29b) t h e  cor responding  U (0) i s  de te rmined .  
n  
It can  b e  shown f o r  o ( A ~ )  t h a t  
and 
B2 + i R 2  = (-0.000415, -0.000217) . 
From E q .  (5-33) w e  o b t a i n  
Using t h e s e  v a l u e s  of B2, B 3 ,  and b  = 0.000667 i n  Eq. (5-32a) s e t  equal 
t o  z e r o ,  we f i n d  t h a t  A = 0.2014 and = 0.0405. Using t h e  1 - a t t e r  
v a l u e s  and Eqs. (5-29a) and (5-55) w e  o b t a i n  
y1(A,8) = 0.2266 c o s  0 - 0.0132 s i n  8 - 0.0031 c o s  20 
+ 0.0067 s i n  20 - 0.0221 + i ( 0 . 0 1 3 2  c o s  8  
+ 0.2266 s i n  8  - 0.0134 c o s  28 - 0.0061 s i n  20 
+ 0 .0003) .  (5-56) 
Let  
y l  (A ,O)  = u-i  i v  (5-57) 
where 
u  : Re(y l )  and v  r I r n ( ~ ~ )  . 
Using Eqs. (5-46),  (5-47), (5-56) and (5-57) i t  c a n  b e  shown t h a t  
We have t h u s  completed t h e  0(iI2) c a l c u l a t i o n .  Note t h a t  i n  tl-12s case 
we have b p o s i t i v e  and B n e g a t i v e  which c o r r e s p o n d s  t o  t y p e  (a)  of 3  
F i g .  5.1. 
For  0(113) we f i n d  t h a t  
and 
We o b t a i n  from Eq .  (5-33) 
We t h e n  f i n d  f o r  t h e  t h i r d - o r d e r  polynomial  o b t a i n e d  from Eq. (5-322) 
t h a t  A = 0.2537. Using t h e  a p p r o p r i a t e  e q u a t i o n s  w e  f i n d  t h a t  
yl (A,0) = 0.3050 c o s  0 - 0.0264 s i n  0 - 0.0047 c o s  20 
+ 0.0148 s i n  20 - 0.0004 c o s  30 - 0.0006 s i n  30 
- 0.0463 + i ( 0 . 0 2 7 4  c o s  0 + 0.3013 s i n  0 
- 0.0297 cos  20 - 0.0092 s i n  20 + 0.0017 cos  30 
- 0.0013 s i n  30 + 0.0006) . (5-59) 
W e  o b t a i n  t h e  f i n a l  r e s u l t s  f o r  0(A3) by u s i n g  Eqs. (5-57), (5-5S), and 
(5-59).  
For 0(h4) w e  have t h a t  
U, (0 )  = (0.418599, 0.477335)ei0 + (0.143263, -0 .411830)ei2' 
+ (-0.168930, 0.080414) ei3' 4- (0.311551, - 0 . 0 0 4 ~ 4 9 )  ci4' 
+ (0.223249, 0 .020991)e  - i O  - (0.068004, 0.143CIS)e -i? A 
-i30 - i l l  + (0.084819, 0.039455)e + (-0.018648, 0.003129)~ 
- (0.925899, 0.062427) , (5-60) 
and 
The q u a n t i t y  B5 i s  c a l c u l a t e d  u s i n g  Eq. (5-33), and i s  -0.009698, It 
i s  n o t e d  t h a t  t h e  q u a n t i t y  Y15(0) needed i n  t h i s  c a l c u l a t i o n  i s  tF;c 
c o e f f i c i e n t  of A5 i n  Eq. (5-54), w i t h  U 5  (0)  = 0 .  Now u s i n g  tire kcoim 
v a l u e s  of b y  B 2 ,  B 3 ,  B,, and B i n  E q .  (5-32a) set e q u a l  t o  zero, a 5 
f o u r t h - o r d e r  polynomial  i n  A i s  o b t a i n e d .  The s m a l l e s t  p o s i t i v c  real 
r o o t  is  0.2447. The a p p r o p r i a t e  c a l c u l a t i o n s  show t h a t  
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yI (A,@) = 0.2945 cos  0 - 0.02GO s i n  0  - 0.0041 c o s  20 
+ 0.0146 s i n  20 - 0.OC07 c o s  30 - 0.0007 s i n  30 
+ 0.0011 c o s  48 + 0.00003 s i n  40 - 0.0460 
+ i ( 0 . 0 2 7 1  c o s 0  + 0.2895 s i n  0  - 0.0294 c o s  28 
- 0.0078 s i n  20 + 0.0020 cos  30 - 0.0P21 s i n  30 
- 0.000004 c o s  40 f 0.0012 s i n  40 + 0.0003) a 
(5-61) 
Equa t ions  (5-57),  (5-58),  and (5-69 p r o v i d e  t h e  f i n a l  r e s u l t .  
The r e s u l t s  f o r  t h i s  c a s e  i n  a l l  t h r e e  o r d e r s  of approx imat ion  
are shown i n  F i g .  5 .3 .  T h e  d o t t e d  l i n e  r e p r e s e n t s  t h e  l i m i t  cyc le  
o b t a i n e d  by t h e  e x a c t  d i g i t a l  computer s o l u t i o n  of Eqs.  (5-44)- ?he 
computer p l o t  of t h i s  l i m i t  c y c l e  is  shown i n  F i g .  5 .4 .  
It i s  t o  b e  n o t e d  i n  F i g .  5.3 t h a t  t h e  O ( A ~ )  boundary i s  ~ i i i i - i i n  
t h e  l i m i t  c y c l e  and t h a t  of 0(f13) i s  o u t s i d e .  The 0(f14) boundary i s  
i n s i d e  t h e  l i m i t  c y c l e  b u t  v e r y  c l o s e  t o  i t ,  and i t  i s  a n t i c i p a t e d  LIiaL 
higher -o rder  a p p r o x i n a t i o n s  w i l l  approach  t h e  l i m i t  c y c l e  asympto"iizally, 
However, t h e  d e g r e e  of convergence i s  a l r e a d y  h i g h  w i t h  t h e  four-il-i- 
o r d e r  approx imat ion .  Although t h i s  i s  n o t  a c a s e  of a s y m p t o t i c  stabil- 
i t y ,  t l ie  i n s t a b i l i t y  bound i s  f i n i t e ,  s o  t h a t  t h e  method g i v c s  a  p r e c i s 0  
c a l c u l a t i o n  of t h e  l i m i t  c y c l e .  T h i s  i s  i n  c o n t r a s t  t o  t h e  results o f  
t h e  f o l l o w i n g  c a s e  i n  which t h e  s t a b l e  r e g i o n  i s  of i n f i n i t e  e x t e n t  and 
t h e  lower o r d e r s  of approx imat ion  do n o t  d e l i n e a t e  t h e  s t a b l e  r e g i o n  a s  
p r e c i s e l y .  A f u r t h e r  exaknple a l s o  t e n d s  t o  i l l u s t r a t e  t h i s  p o i n t ,  
Ef fec t i ve  Li fet ime, Case I , & =-0.1 
no= 265 Mw , n,= 262.5 Mw 
I I I t t I I t I I - J 
-2.5 -2.0 -1.5 -1.0 -0.5 0 0.5 1.0 1.5 2.0 2.5 3.0 
Temperature x lo-" (OC) 
F i g u r e  5 .3  Approximat ions  t o  t h e  E f f e c t i v e  L i f e t i m e  L i m i t  Cycle, 
Temperature x 1 0 ' ~  (OC) 
F i g u r e  5 . 4  Exact  Computatj.on of E f f e c t i v e  L i f e t i m e  L i m i t  Cycle. 
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h S t a b l e  Focus Case 
I n  t h e  p r e v i o u s  c a s e  t h e  e q u i l i b r i u m  poxer  i s  above the 
c r i t i c a l  power, and t h e  t r a j e c t o r y  l i m i t  i s  a s t a b l e  l i m i t  c y c l e  in 
n ,  TI ,  T2 space .  A comparison c a s e  was c o n s i d e r e d  i n  which the  
e q u i l i b r i u m  porfer was s l i g h t l y  below c r i t i c a l .  IIowever , no solutions 
were o b t a i n e d  f o r  approx imat ions  th rough  t h e  f o u r t h  o r d e r .  I t  was 
concluded a f t e r  some i n v e s t i g a t i o n  t h a t  t h e  f o r m u l a t i o n  of t h e  
e q u a t i o n s  i s  n o t  g e n e r a l  enough t o  cover  t h e  r e s o n a n t  c a s e  and t h e  
near-resonance r e g i o n  below c r i t i c a l  power. I n  t h i s  regime the 
d i f f e r e n c e  between t h e  f requency  of t h e  p e r t u r b a t i o n  and t h e  systcrl 
r e s o n a n c e  f requency  i s  a n  i m p o r t a n t  pa ramete r .  Hence, A ,  t h e  p e r t u b a - -  
t i o n  i s  now a  f u n c t i o n  of a m p l i t u d e ,  and 0 ,  a d i f f e r e n c e  i n  phase 
a n g l e s .  Thus Eqs. (5-32a) and (5-32b) become a  coupled p a i r  of 
e q u a t i o n s ,  and t h e  a n a l y s i s  becomes more c o m p l i c a t e d .  The d e r i v a t i o n  
of t h e  more g e n e r a l i z e d  e q u a t i o n s  i s  d i s c u s s e d  by Bogoliubov and 
Mi t ropo lsky  (1961).  
The g e n e r a l i z e d  e q u a t i o n s  a r e  n o t  c o n s i d e r e d  h e r e .  Instead a 
c a s e  below t h e  resonance  regime i s  s t u d i e d .  We s e l e c t  t h e  s t a b l e  Focus 
c a s e  w l t h  a n  e q u i l i b r i u m  power of 100 Mw which i s  d i s c u s s e d  in 
Chapter  3.  A l l  o t h e r  sys tem paramete rs  a r e  i d e n t i c a l  t o  t h o s e  i n  t h e  
immediate ly  p reced ing  s e c t i o n .  
Here b  is  n e g a t i v e  and B3 i s  p o s i t i v e ,  s o  we a r e  d e a l i n g  wi th  
a  c a s e  of t h e  t y p e  (b)  shown i n  F i g .  5 .l. From t h e  m a t r i x ,  L, the 
f o l l o w i n g  c h a r a c t e r i s t i c  v a l u e s  a r e  c a l c u l a t e d ,  
which i n d i c a t e  t h a t  y is  t h e  nondominant coord ina te .  The canonica l  3 
ma t r ix  i s ,  
and the  i n v e r s e  mat r ix  i s  
The fol lowing equat ions  may be de r ived ,  
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For  0 ( A ~ )  w e  f i n d  t h a t  
and 
B2 + i n 2  = (0.011077, 0.080716) 
B3 + i R 3  = (0.102974, -0.227627) 
A = 0.6527 (b = -0.0511) . 
Using t h e s e  v a l u e s  we o b t a i n  
y1 (A,8) = 0.7450 c o s  8 - 0.6729 s i n  8 - 0.0601 c o s  20 
+ 0.2131 s i n  28 - 0.0322 + i (0 .6729 c o s  8 
+ 0.7450 s i n  0 - 0.1665 c o s  28 - 0.2766 s i n  20 
- 0.5064) . (5-63) 
Equa t ions  (5-57),  (5-62) and (5-63) d e f i n e  t h e  s o l u t i o n  f o r  0(h2), 
For  0 ( A ~ )  we have ,  
and 
y1(A,8) = 0.3872 c o s  8 - 0.4725 s i n  8 + 0.1493 c o s  26 
+ 0.2026 s i n  28 - 0.0194 c o s  30 - 0.0338 s i n  30 
- 0.022458 + i(0.6710 c o s  8 + 0.5926 s i n  8 
- 0.3644 c o s  28 - 0.0434 s i n  28 + 0.0466 cos  38 
+ 0.0292 s i n  38 -- 0.3532) . 
For O ( A ~ )  we f i n d  t h a t  
U s e  of t h e s e  d a t a  g i v e s  
y (A,@) = 0.255433 cos  8 - 0.580187 s i n  0 + 0.407071 c o s  23 
+ 0.158304 s i n  28 - 0.167064 c o s  38 + 0.021814 s i n  30 
+ 0.018652 c o s  48 + 0.007275 s i n  40 + 0.052488 
+ i (1 .264775  c o s 8  + 0.410653 s i n  8 = 0.605922 cos 20 
+ 0.186503 s i n  28 + 0.200644 c o s  38 - 0.118694 sin 39 
- 0.026387 c o s  48 - 0.000508 s i n  48 - 0.833110) a 
The f i n a l  r e s u l t s  f o r  a l l  t h r e e  o r d e r s  a r e  p l o t t e d  i n  F i g ,  5-5. 
The d o t t e d  l i n e  i s  t h e  p r o j e c t i o n  o n t o  t h e  n,T1 p l a n e  of t h e  Line of 
a t t r a c t i o n  i n  n,T , s p a c e ,  which is  d i s c u s s e d  i n  Chap te r  3. The 
-6 - 5  - 4  -3  -2  - I  0 I 2 3 4 J L- 
Temperature x (06) 
F i g u r e  5.5 Stable Reg ion  Approxi.mations f o r  ISf f  ective Lifetime S t a b l e  
Focus .  
f a c t  t h a t  t h i s  d o t t e d  l i n e  p a s s e s  through t h e  b o u n d a r i e s  of all i h r t e  
approx imat ions  i n d i c a t e s  t h a t  t h e  p r e d i c t e d  r e g i o n s  of s t a b i l i t y  i n c l u d e  
u n s t a b l e  r e g i o n s .  Note,  however, t h a t  t h e  s t a b i l i t y  r e g i o n s  t end  t o  
become l o n g e r  and nar rower  w i t h  i n c r e a s i n g  o r d e r .  It a p p e a r s  t h a t  f o r  
h i g h e r  o r d e r s  t h e  p r e d i c t e d  s t a b i l i t y  r e g i o n s  w i l l  l i e  e n t i r e l y  belor7 
t h e  d o t t e d  l i n e .  T t  can b e  s e e n  t h a t  t h e  o ( A ~ )  approx imat ion  over- 
e s t i m a t e s  t h e  s i z e  of t h e  s t a b i l i t y  r e g i o n  a s  compared t o  t h e  0(,14) 
approx imat ion .  T h i s  c a n  b e  e x p l a i n e d  by examining Eq .  (5-33). 111 
e s t i m a t i n g  B f o r  t h e  0 ( 8 ~ )  c a l c u l a t i o n ,  i t  i s  assumed t h a t  3ba1 = 0, 
i . e . ,  U4(6) = 0. When t h i s  q u a n t i t y  is  small, t h e  approx imat ion  i s  good. 
When i t  i s  l a r g e ,  a s  i n  t h i s  c a s e ,  t h e  approx imat ion  is  poor ,  ifl~etller 
o r  n o t  t h i s  t y p e  of o s c i l l a t i o n  damps o u t  w i t h  i n c r e a s i n g  o r d e r  d e ~ > ~ ~ d s  
on t h e  magni tudes  of t h e  n e g l e c t e d  terms i n  each s t e p  of t h e  c a l c u l a t i o n .  
I n  t h i s  c a s e  we have a  s t a b l e  r e g i o n  of i n f i n i t e  e x t e n t  a s  d i s c u s s e d  i n  
Chapter  3 ,  a l t h o u g h  t h e  sys tem i s  n o t  g l o b a l l y  a s y m p t o t i c a l l y  stable, li 
would appear  t h a t  t h e  i n f i n i t e  o r d e r  approx imat ion  would be r e q u i r e d  to 
g i v e  a  good approx imat ion  t o  t h e  e n t i r e  s t a b l e  r e g i o n .  A s  a l r e a d y  
p o i n t e d  o u t ,  t h e  t e c h n i q u e  employed i s  more u s e f u l  f o r  a n a l y z i n g  
s t a b i l i t y  r e g i o n s  t h a t  a r e  n o t  of i n f i n i t e  e x t e n t .  A comparison of  t h t  
two c a s e s  j u s t  p r e s e n t e d  t e n d s  t o  b e a r  t h i s  o u t .  
A Si111p1e Reac to r  Case 
To s t u d y  f u r t h e r  t h e  e f f e c t s  of s t a b i l i t y  r e g i o n s  of i i l f in i l r e  
e x t e n t ,  c o n s i d e r  t h e  f o l l o w i n g  set of e q u a t i o n s  
The na tu re  of tlie t r a j e c t o r i e s  of t h i s  system i n  tlie x , y  p lane  i s  sl io~rn 
i n  F ig .  5 .6 .  Sketches of t h i s  type can u s u a l l y  be  obtained with the a i d  
of a  method c a l l e d  a n a l y s i s  of s i n g u l a r  p o i n t s  (Cunningham, 195S), T h e  
(0,O) po in t  i s  a  s t a b l e  focus ,  and t h e  (-1,-1) p o i n t  i s  a  s add le  p o r i ~ t .  
The e n t i r e  p lane  above t h e  y = -1 l i n e  i s  s t a b l e .  
The L ma t r ix  i s  
and t h e  c h a r a c t e r i s t i c  va lues  a r e  
The canonica l  ma t r ix ,  K, i s  
- 1 
and the  i n v e r s e  ma t r ix ,  K , i s  
The canonical  v a r i a b l e s  a r e  
F i g u r e  5 . 6  S o l u t i o n  Curves in S t a t e  Space.  
y1 = x - ( S 1 + 2 ) y  
y2 = x - ( s 2  + 2)y  
and t h e y  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  
i7 1  = Sly l  + (S1 + 2)xy 
G2 = s2y2  + ( s 2 +  2 ) s y  . 
By means of the i n v e r s e  t r a n s f o r m a t i o n  we o b t a i n  
- 
1 1 +i 
$1 - sly1 - y12 + - i 2  2 y 1 y 2 - y y 2  
I f  we s u b s t i t u t e  Eq. (5-29a) i n t o  Eq. (5-70a),  remembering t h a t  
-'. 
y2 = y1 , we o b t a i n  
i 0 
= A[-l+ i ]  e 
l + i  + A ~ [ ( - ~ + ~ ) u ~ ( o ) -  3 ei2' + -j---] 
(5-71) 
By e q u a t i n g  c o e f f i c i e n t s  of l i k e  powers of A i n  E q s .  ( 5 - 4 1 )  and (5-71) 
we o b t a i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  t h a t  a l l o w  u s  t o  s o l v e  for t h e  
Un(8).  Then by u s i n g  t h e  a u x i l i a r y  c o n d i t i o n ,  E q .  (5-29b), w e  can 
e v a l u a t e  t h e  cor responding  v a l u e s  of B and R . 
n n  
The c o e f f i c i e n t s  of A y i e l d  
We have b  n e g a t i v e  and E p o s i t i v e  ( t o  b e  shown), s o  t h i s  c a s e  i s  of  3 
t h e  t y p e  (b )  i n  F i g .  5  .l. 
For  0 ( h 2 )  we f i n d  t h a t  
and 
from which we f i n d  
yl (A,O) = 2.056 c o s  8  t 0.918 s i n  0 + 1.224 c o s  20 
- 0.612 s i n  20 - 1 . 5 3  + i ( -0 .918 c o s  8  
+ 2.056 s i n  0 t 0.91.8 c o s  28 t 0.306 s i n  26) - 
From t h e  t r a n s f o r m a t i o n  r e p r e s e n t e d  by Eq.  (5-67) w e  f i n d  t h a t  
T h i s  completes  t h e  s o l u t i o n  f o r  0(h2). 
For O ( A ~ )  we have 
i 2  0 LJ3(0) = (-0.125, 0.025)ei0 + ( 0 . 2 ,  - 0 . l ) e  
-iB + (-0.0125, 0.0875)ei3' + (-0.0125, -0.0875)e 
-i20 -i30 + (O., O . l ) e  + (0.05,  -0.025)e + (-0.1,  0.) 
and 
B3 + i R 3  = (0 .02,  -0.01) 
B 4 + i Q 4  = (0.021, 0.063) 
From t h e  above we f i n d  t h a t  
yl(A,O) = 0.3142 c o s  8 - 0.2634 s i n  0 + 8.5248 c o s  20 
4- 3.3456 s i n  28 + 0.9510 c o s  38 - 2 .S530 sin 38 - 6-85 2
+ i ( -4 .1746 c o s  8 + 0.9482 s i n  8 + 2.5836 c o s  2(1 
+ 5.9352 s i n  20 + 1.5850 c o s  38 - 1.5850 sin 3Cj 
We o b t a i n  t h e  f i n a l  r e s u l t s  by u s i n g  Eq .  (5-72).  
The r e s u l t s  of b o t h  o r d e r s  of approx imat ion  a r e  p l o t r e d  i n  
F i g .  5 .7 .  Note t h a t  t h e  boundary f o r  o(A') d i p s  s l i g h t l y  i n t o  t h e  
u n s t a b l e  r e g i o n ,  i . e . ,  below t h e  y = -1 l i n e .  The s t a b l e  r e g i o n  for 
t h i s  approx imat ion  must t h e r e f o r e  l i e  above y = -1 and w i t h i n  t:~e r l o t t e d  
boundary.  The o ( A ~ )  c u r v e  c r o s s e s  i n t o  t h e  s t a b l e  r e g i o n  twice, 
i n d i c a t i n g  two s t a b l e  r e g i o n s  f o r  two r a n g e s  of t h e  pa ramete r  8, The 
r e a s o n  f o r  t h i s  b e h a v i o r  i s  t h a t  t h e  h i g h e r  o r d e r  t e r m s ,  correspo:lding 
t o  20 and 38 ,  a r e  dominat ing t h e  f i r s t  o r d e r  t e rms .  I n  o t h e r  w o r d s ,  
t h e  p e r t u r b a t i o n  t e rms  a r e  dominat ing t h e  l i n e a r  approximat ioi l .  11: i s  
f e l t  t h a t  i n  t h i s  c a s e  t h e  s o l u t i o n  i s  no l o n g e r  v a l i d ,  because  the 
F i g u r e  5 .7  Approximat ions  t o  t h e  S t a b l e  Region.  
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u n d e r l y i n g  assumpt ion  i n  p e r t u r b a t i o n  t h e o r i e s  is  t h a t  t h e  
p e r t u r b a t i o n s  remain s m a l l .  When t h e  combinat ion of t h e  magni tudes  oE 
A and t h e  c o e f f i c i e n t s  of t h e  h i g h e r  o r d e r  t e rms  i s  such t h a t  t he  
p e r t u r b a t i o n  terms a r e  more i m p o r t a n t  t h a n  t h e  l i n e a r  approx imat ion ,  
t h e n  t h e  s o l u t i o n  i s  no l o n g e r  r e l i a b l e .  I n  c a s e s  where t h e  stability 
r e g i o n s  a r e  of i n f i n i t e  e x t e n t ,  i t  i s  s p e c u l a t e d  t h a t  t h e  1iIcelihood 
of  A becoming l a r g e  enough t o  c a u s e  t h e  above e f f e c t  would b e  g r e a t e r  
t h a n  i n  c a s e s  of f i n i t e  s t a b i l i t y  r e g i o n s .  
Summary 
I n  Chapter  5 we have o u t l i n e d  t h e  pe r tu rba t ion  expansi-on mei!iod 
of Sho tk in  (1369) and worked one of h i s  examples t o  v e r i f y  our  u r d ~ r -  
s t a n d i n g  of t h e  method. We t h e n  a p p l i e d  i t  t o  a  t h i r d - o r d e r  systenl  i n  
which a nondorninant c o o r d i n a t e  was e l i n i i n a t e d  i n  t e rms  of t h e  d o ~ ~ l i ~ i n ~ i i  
ones .  Two c a s e s  were c o n s i d e r e d ,  (1)  a s t a b l e  l i m i t  c y c l e  wliicil 
r e p r e s e n t s  a  houndary of f i n i t e  e x t e n t ,  and ( 2 )  a s t a b l e  f o c u s  
which h a s  a s t a b l e  domain of i n f i n i t e  e x t e n t .  The method gave hig?!ip 
p r e c i s e  r e s u l t s  f o r  t h e  f i n i t e  r e g i o n  b u t  n o t  t h e  o t h e r  c a s e ,  Anocher 
c a s e  of i n f i n i t e  r e g i o n  was s t u d i e d  i n  which t h e  t h i r d - o r d e r  ap?roqr '  A IT?;?- 
t i o n  s o l u t i o n  a p p e a r s  n o t  t o  b e  v a l i d .  These  r e s u l t s  t end  t o  indicate 
t h a t  t h e  method i s  most e f f e c t i v e  w i t h  sys tems t h a t  a r e  n o t  g l o b a i l  y 
a s y n l p t o t i c a l l y  s t a b l e .  W e  imply h e r e  t h a t  sys tems  hav ing  s t a ~ l e  dovains 
of i n f i n i t e  e x t e n t  a r e  c l o s e l y  r e l a t e d  t o  g l o b a l l y  asymptotic all^^ 
s t a b l e  sys tems w i t h  r e s p e c t  t o  t h e  e f f e c t i v e n e s s  of t h e  mcthocl. 
CONCLUSIONS 
The o s c i l l a t i o n  b o u n d a r i e s  i n  pa ramete r  s p a c e  f o r  t h e  linearized 
t h e m i o n i c  r e a c t o r  model a r e  most e a s i l y  c a l c u l a t e d  u s i n g  a n  algebraic 
c o n d i t i o n  on t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n .  Much supp le -  
m e n t a l  i n f o r m a t i o n  can b e  o b t a i n e d  q u a l i t a t i v e l y  by s k e t c h i n g  r o o t  loccs 
p l o t s  f o r  t h e  sys tem.  These b o u n d a r i e s  complement t h e  p r e v i o u s l y  
determined s t a b i l i t y  b o u n d a r i e s  and a r e  u s e f u l  t o  t h e  c o n t r o l s  designer 
and i n  n o n l i n e a r  s t a b i l i t y  a n a l y s i s .  
S t a b l e  and bounded r e g i o n s  i n  t h e  e f f e c t i v e  l i f e t i n e  ~noclei c an  
b e  de te rmined  by making computer s u r v e y s  of e x a c t  s o l u t i o n s .  Such 
r e g i o n s  a r e  d e f i n e d  by l i m i t i n g  p l a n e s  i n  s t a t e  s p a c e  which can b e  
d e s c r i b e d  m a t h e m a t i c a l l y .  The n ~ a t h e l n a t i c a l  model a g r e e s  w e l l  ; q i t l i  
numer ica l  r e s u l t s .  A l l  t r a j e c t o r i e s  o u t s i d e  t h e  s t a b l e  and borrndeii 
r e g i o n s  e x h i b i t  f i n i t e  e s c a p e  t ime .  On t h e s e  t r a j e c t o r i e s ,  f o r  l a rge  
r e a c t i v i t y ,  t h e  power i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  of t h e  reactivity, 
S t a b l e  domains i n  s t a t e  s p a c e  cannot  b e  comple te ly  de te r r l ined  ~y 
perturb in^ power a l o n e ,  a s  was done l lere .  P e r t u r b a t i o n s  i n  b o t h  
t e m p e r a t u r e s ,  a s  w e l l  a s  power, must b e  s t u d i e d .  F i n a l l y ,  alt,lou:, 1 
c o n c e n t r i c  l i r r i i t  c y c l e s  may e x i s t  i n  t h e  e f f e c t i v e  l i f e t i m e  mociel, they 
were n o t  found i n  tllis s t u d y .  
S t a b l e  r e g i o n s  of t h e  prompt jump model can  b e  determiqed by 
making compuLer s u r v e y s  of e x a c t  s o l u t i o n s .  The s t a b l e  domain i n  s t a t c  
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s p a c e  can  b e  determined by c o n s i d e r i n g  p e r t u r b a t i o n s  i n  b o t h  
t e m p e r a t u r e s  as w e l l  as i n  power, b u t  n o t  p e r t u r b a t i o n s  i n  power alone, 
The p e r t u r b a t i o n  expans ion  t e c h n i q u e  of c a l c u l a t i n g  i n s t a b i l i t y  
bounds i n  l i n e a r l y  s t a b l e  sys tems i s  a p r a c t i c a l  and s t r a i g h t f o r w a r d  
method. It  c a n  o f t e n  g i v e  r e s u l t s  comparable t o  t h e  Liapunov method, 
which i s  u s u a l l y  d i f f i c u l t  t o  a p p l y  and r e q u i r e s  v a r y i n g  amounts of 
i n g e n u i t y ,  depending on  t h e  p a r t i c u l a r  problem. The method converges  
r a p i d l y  when t h e  bounds a r e  f i n i t e .  It i s  n o t  as p r e c i s e  f o r  a condi-  
t i o n  of g l o b a l  s t a b i l i t y ,  which i m p l i e s  a n  i n f i n i t e  number of expansion 
t e r m s  f o r  a  complete  d e s c r i p t i o n .  Regions of i n f i n i t e  e x t e n t  share rhis  
p r o p e r t y .  Hence t h e  method i s  b e t t e r  s u i t e d  t o  t h e  a n a l y s i s  of sys tems 
n o t  hav ing  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e  r e g i o n s , o r  i n f i n i t e  r e~ io i i s c :  
bounded s o l u t i o n s .  The f o r m u l a t i o n  of t h e  method used i n  t h i s  s t u d y  i s  
n o t  t h e  mosL g e n e r a l .  It i s  n o t  a d e q u a t e  f o r  t h e  a n a l y s i s  of systcgs a1 
c r i t i c a l  power o r  t h e  r e s o n a n c e  zone below c r i t i c a l  power. The r e a s o n  
i s  t h a t  a m p l i t u d e  and phase  a n g l e  of t h e  p e r t u r b a t i o n  a r e  c o n s i d e r c c  t o  
b e  independen t  v a r i a b l e s .  T h i s  cannot  b e  t h e  c a s e  a t  c r i t i c a l  power 
(undamped s y s t e m ) ,  f o r  t h e  a l l o w a b l e  a m p l i t u d e  depends on t h e  phase  
a n g l e  ( f requency)  i n  a  c r u c i a l  way when t h e  l a t t e r  approaches  t h e  r c s o -  
n a n t  f requency  of t h e  systeiil. A more g e n e r a l  f o r m u l a t i o n  can b e  
o b t a i n e d  by es tab?  i s h e d  methods. Obvious e x t e n s i o n s  of t h e  work done 
h e r e  would be:  ( I )  o b t a i n  t h i s  more g e n e r a l  f o r m u l a t i o n ,  ( 2 )  a p p l y  
t h e  method,us ing t h e  prompt jump model,  t o  d e t e r m i n e  t h e  e f f e c t  of 
de layed  n e u t r o n s ,  and ( 3 )  a p p l y  t h e  method t o  h i g h e r  o r d e r  sys tems ,  
e . g . ,  one d e l a y  group model. 111 p r i n c i p l e  t h e  method can  b e  a p p l i e d  t o  
sys tems  of any o r d e r ,  a l t l iough t h e  a l g e b r a  may become p r o h i b i t i v e ,  
1P P END IX 
DIGITAL COMPUTER PROGRAM 
The d i g i t a l  computer program c o n s i s t s  of t h e  main program, 
DIFEQN, and t h e  s u b r o u t i n e ,  GSVDQ. The s u b r o u t i n e s  used i n  p l o t t i n g  
o u t p u t  d a t a  a r e  p a r t  of t h e  computer sys tem,  and n o t  s u p p l i e d  by the 
u s e r .  Hence they  w i l l  n o t  be  d i s c u s s e d  h e r e .  
The main program p r o v i d e s  f o r  t h e  i n p u t  and o u t p u t  o f  d a t a ,  
and t h e  p r e p a r a t i o n  of d a t a  f o r  p l o t t i n g  by c a l l i n g  t h e  p l o t  sub- 
r o u t i n e s .  The u s e r  s e l e c t s  e i t h e r  t h e  prompt jump o r  e f f e c t i v e  
l i f e t i m e  n e u t r o n  k i n e t i c s  model by s e t t i n g  t h e  pa ramete r  P J  t o  i 
o r  0,  r e s p e c t i v e l y .  The t empera tu re  d i f f e r e n t i a l  e q u a t i o n s  a r e  
t h e  coupled ones f o r  t h e  t h e r m i o n i c  r e a c t o r  model. T h e  t empera tu res  
a r e  s c a l e d  ( w i t h i n  t h e  program) t o  i n c r e a s e  t h e  i n t e g r a t i o n  s p e e d ,  
The numer ica l  i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n s  i s  performed 
i n  s u b r o u t i n e  GSVDQ. 
GSVDQ was w r i t t e n  by F .  T. Krogh, J e t  P r o p u l s i o n  Labora to ry ,  
S e c t i o n  314, Pasadena,  C a l i f o r n i a ,  Flay 1, 1969. It was adaptzed f o r  
use  on t h e  CL)C 6400 computer of t h e  U n i v e r s i t y  of Arizona Co~nputer 
Cen te r  by J .  G. Guppy and R. D. Kearns ,  September,  19669. 
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